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ABSTRACT

Some fundamental topics of the compressibility influence of the extra-high-velocity aerated water flow in hydraulic engireestintied in the
present paper. A closed system of the simplified basic equations of the aerated water flow is deduced using the two-flNigeaneds|formula

of the sound velocity in the aerated water flow is derived using the sound analysis. It is found that the Wood adiab&dimsitautisl a good

approximation for calculating the sound velocity in the aerated water flow. Using the analysis of the order of the magnfaudel that the com-
pressibility is important in the following cases. 1) The sound motion in the aerated water flow. 2) The aerated water éiivagitbat depth. 3)
The steady extra-high-velocity aerated water flow in which the mixture velocity is of the order of the sound velocitisishibvin that the adia-
batic Mach number may act as the compressibility criterion in the steady aerated water flow. For the case of the steadypimamgésd water
flow, a detailed compressibility standard is obtained, which is just the same as that in aerodynamics.

RESUME

Le présent article étudie certains points fondamentaux de l'influence de compressibilité du courant aéré a vitesses génértegesulique. Un

systeme fermé des équations fondamentales simplifiées du courant aéré est dérivé d’'un modeéle a deux fluides. Une fdenlddagéitesse du son
dans le courant aéré est dérivée d’'une analyse sonique. Il est établi que la formule adiabatique de Wood fournit unexboratioaplerla vitesse du
son dans le courant aéré. Une analyse dimensionnelle montre que la compressibilité est importante dans les cas suizamteeni jivique dans le
courant aéré. 2) Courant aéré a treés grande profondeur. 3) Courant aéré a vitesses extrémes dans lequel la vitessstdieieldreydegrandeur
de la vitesse du son. Il est montré que le nombre adiabatique de Mach se peut servir de critére de compressibilitéatidae&ié stable. Un critére
de compressibilité est obtenu dans le cas d'un courant homogene aéré stable ; ce critére est identique a celui utjirsngiguesrod

Introduction the aerated water flow is much lower than that in the flow of pure

In the high velocity water flow with free surface, atmosphere air iswater or air at the same thermodynamic condition. The lowest
usually entrained into and mixed with the water to create the aersound velocity in the aerated water flow at ordinary condition is
ated water flow, which is frequently observed in flows down steepabout 20 m/s (van Wijngaarden 1972, Zhao & Li 1996). On the
chutes and spillways. Such a flow can also occur in a stronglyther hand, along with the improvement of the technical compe-
inclined sewer pipe or industrial pipeline. It is believed that airtence for the dam construction and the advancement of the
entrainment is caused by the turbulent velocity fluctuations actinghydraulic engineering, more and more dams with more than 200-
next to the air-water interface. Through this interface air is contin-meter-height are constructed, and the dam height even exceeds
uously being trapped and released, and the resulting air-wate300 meters (Mermel 1991). This trend is more obvious in China.
mixture may extend to the whole cross-section of the flow. The resulting speed of the discharges from those dams may
In the literature, the aerated water flow has been studied for thexceed 50 m/s, and the flows are bound to the aerated water
following reasons: (1) The entrained air increases the bulk offlows. Then it can be inferred, according to the principle of aero-
the flow which must be taken into account when designingdynamics, they must be considered as the compressible flows.
spillway and chute sidewalls (Falvey 1980). (2) The presence off herefore, the compressibility of the extra-high-velocity aerated
air within the boundary layer reduces the friction drag and thewater flow in hydraulic engineering attracts more and more atten-
resulting increase of momentum must be considered whertions (Cain & Wood 1977, Li 1993, Shuai 1995, Xia 1997, Yang
designing a ski jump and/or stilling basin downstream of a spill-1998, Zhao 1998, Zhao & Li 1999).

way (Chanson 1994). (3) The presence of air in the high velocThe present paper deals with some fundamental topics of the
ity flow may be prevent or reduce the cavitation erosion compressibility of the extra-high-velocity aerated water flow in
damage (May 1987). (4) The presence of air enhances the aithe hydraulic engineering. A closed system of the simplified
water transfer of atmosphere gases, e.g. nitrogen, oxygen, cabasic equations of the aerated water flow is deduced. A general
bon dioxide (Wilhelms & Gulliver 1989). formula of the sound velocity in the aerated water flow is
Furthermore, it has been found that the entrained air dramaticallglerived, and from a thorough discussion of this formula, a sim-
enhances the compressibility of the flow. The sound velocity inplified formula,i.e. the Wood adiabatic formula, is proposed for
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calculating the sound velocity in the extra-high-velocity aeratedOn the other hand, the change of the state of the air-phase in
water flow. The compressibility criterion of the aerated water the flow is often caused by the change of velocity. The charac-
flow is discussed. And a detailed compressibility standard ofteristic time of this process can be expresser} asly/u,,. For
the steady homogeneous aerated water flow is obtained. the case of the extra-high-velocity aerated water flow in the
hydraulic engineeringl, ~ 102m andu,,, ~ 10m/s, which make
T;/T, ~ 1&» 1 andr,,/t, ~10» 1. Then the heat produced in the
air-phase has no time to be conducted away, and its thermody-
The aerated water flow is generally a very complex air-waternamic process is essentially adiabatic.
two-phase turbulent phenomenon. There exist severaWith these assumptions mentioned above, the resulting closed
approaches for describing the two-phase flow. Each has its mesystem of the simplified macroscopically averaged equations of
its and demerits. The most reliable and frequently used oné¢he extra-high-velocity compressible aerated water flow in the
among them is the two-fluid model (Drew 1983, Liu 1993). Its hydraulic engineering can be written as:
fundamental hypothesis is that each phase of the two-phase
mixture is a continuum in the local time-space range where it 3
occupies. Based on this hypothesis the local instantaneous (ﬁ(o‘kpk“D Hawpdi) = 0 (2.1)
equations for the motion of each phase and the jump relations
between the two phases in the interface are derived firstly. The
macroscopically averaged equations of the two-phase flow are
then deduced using some averaging method. However, the Q(a P Q )+0 o Gl )=—a,0p+ § +E 292
) : i St kPl kPKUKUk kP +ape + Fi (2.2)
resulting macroscopically averaged equations are not closed
and have very complex forms, and then they are not suitable for
pragmatic purposes. In order to obtain a closed system of the
simplified basic equations, it is important to construct a series dis, Rf:l 0,
of appropriate hypotheses and constitutive relations in accord- dt ~  ap
ance with the special characteristics of the considered flow.
The followings are our major assumptions for the extra-high-
velocity aerated water flow in the hydraulic engineering:
1. No mass transfer occurs between the two phases throughout p = p:RT, (2.4)
the flow.
2. The water-phase is incompressible and its temperature
remains constant throughout the flow. Therefore, the density N N
of the water-phase is constant. Fi=-F= CDG(l_a)sz‘ar‘ar—
3. The air-phase obeys the law of the ideal gas. Furthermore, it > > (2.5)
. . rdoUs  dilp
undergoes an adiabatic process throughout the flow. Cuma (11— “)pzmw BTN
4. The effects of the viscous stress and the turbulent fluctua-
tions which include the “real” turbulent fluctuations and the

_ _ _ > _
fluctuations induced by the random distribution of the two Whered: =1-a,=aq, @f = Oz —0y, ands; = s+ ¢ In[(p/pyo)/
phases are negligible. (p/P19)Y] - (dy/dt) = (0/ot) + U, -0 denotes the substantial deriv-

5. There exists a local hydrostatic equilibrium throughout the Ve With respect to thiephase. The subscript= 1,2 denotes

flow. This means that the averaged pressures in each phadf€ &ir- and water-phase. . .
are equal at the same point in the flow field. Eq. (2.5) is the constitutive relation of the drag force (the first

6. The drag and the added mass force mainly undertake th@rm) and the added mass force (the second term) between the

interfacial momentum transfer. Effects of other forces WO Phases. Here the relationship of the drag force proposed by
between the two phases are negligible. Hench & Johnston (1972) and the Drew’s model of the added

The detailed analyses about these assumptions can be found J2ss force (Drew 1983) are used. The paramkter the

Zhao (1998). Here only a brief interpretation about the assumpPréw's model is set equal to 1 for the sake of the symmetry.

tion of the adiabatic process of the air-phase is given. According to Hench & Johnston (1972, = 41.2 m, which

The heat transfer occurred in one phase or between the wwhas the same dimension as the reciprocal of the length. In gen-

phases needs certain duration of time to reach its equilibrium®rathe added mass coefficiedjy is a dimensionless variable.

The characteristic time of this process in the air-water two-Of the case of an isolated spherical bubble with a constant
phase flow can be expressed by the internal and external tenfadius in a boundless flow field, the theoretical valu€gfis
perature relaxation time of the air bublile, 1/2. There is, however, some experimental evidence (Bataille et
al 1990) shown that the value @f,, may be much greater than
2 2 1/2 for a bigger bubble. It is also believed t63a4; is a function
in = P1Cpdo and Tex = M’ of the air concentration and other factors. Based on some exper-
41ck, 12, imental results (Eddington 1970, Salih 1980, Cain & Wood

2 Fundamental Equations

(2.3)
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1981, Bataille et al 1990), it can be deduced @gt~ 1 and Elimination of i, from Eq. (3.7 — 8), in combination with Eq.

the relative velocity-slip between the two phases 18,/ T ~(3.5), gives

101 in the extra-high-velocity aerated water flow. The more

detailed discussion can be found in Zhao (1998). op, (1+ Cyy)ap,a: Tor (3.9
Eq. (2.1 — 5) constitutes a complete description of the extra- F " (0 +p;H)[pi(1+Cyp0) +p.Cym(1—0)] P (3.9)

high-velocity compressible aerated water flow. With appropri-

ate initial and boundary conditions, they can be solved, in prin-This is a typical equation of wave motion and the wave velocity
ciple, for the six unknowns, p;, Oy, Up ,pandT,, as functions s given by

of the time and space.

a =a/\/ (1+Cym)ap;
3 Sound Velocity ™ W (@ +p;H)[p1(1+Cypa) +p,Cym(1—a)]

(3.10)

Supposing that there is an infinitesimal perturbatien ¢ound

wave) propagating in the aerated water flow. For the sake 010 n the other hand,
simplicity, we also assume that the mixture is motionless in itsexpressed as
equilibrium state. For the perturbations of the flow quantities,

it is well known that sound velocity can be

which are denoted by an apostrophe here, are supposed to be @ = ~dp/ d (3.11)
small, Eq. (2.1 — 5) can be linearized. The resulting linearized
equations are as follows: In the present case, the mixture density is defined as
. . Pm = 0ps+(1-a)p, (3.12)
pl%at—+a(%l+aplm My =0 (3.1)

Eq. (3.11) can then be rewritten as, = ./p'/Pm , Where
Pm = (p1—p)a' +ap,'. Combining with Eqg. (3.10), we can

obtain
%—Ot(—(l—a)D @i = 0 (3.2)
H = a(l-a)(p.+ Cyup,) (3.13)
Pu[(1—a)py + (a + Cyy)p2]
oty
[p1+CVM(1—a)p2]"5'tl— and
o (3.3)
CVM(:I-—a)pza_t2 = -0p a = /\/ p[(1—-0a)p,+ (a+Cyy)p,] (3.14)
" "Nap,[p:(1+ Cyya) + p,Cyn(1—a)]
a0y, oty . Eq. (3.14) is the general formula of sound velocity in aerated
(1+ CVMG)pZW _CVMGPZW = -Up (3.4) water flow. There are some special cases of Eq. (3.14), which
will be discussed firstly.
, 1. If Cyy =0, Eqg. (3.14) will become
P/ps = yp/p1 = YRT, = & (3.5)
Eq. (3.3 — 4) gives a, = a, [1+1=9P (3.15)
a p
aty _p/ P2+ Cyndly (3.6) which is identical with the so-called stratified flow sound
ot 1+Cyy Ot ' velocity reported as Eqg. (28 — 29) by Trapp & Ransom (1982)

if the effects of the interfacial heat transfer and the compressi-
and bility of the water-phase are negligible. It is also very close to

that reported as Eqg. (12) by Nguyen et al (19681).

: 2. If Cyy - o, Eq. (3.6) will become(00;)/(dt) =
p(1+CVM(i)++Cp2CVM(1_G)%+Dp‘ =0 (3.7 (00y')/(dt). This means that there is no velocity-slip
VM between the two phases and the mixture can be considered

homogenous. In this case, Eq. (3.14) returns to the Wood adi-
abatic formulaj.e.

Settinga’ = Hp,' and substituting it into Eq. (3.1), we can obtain

opy’ "
(a +le)a—t1+orp1D My =0 (3.8) a, = a./p/(apy) = /% (3.16)
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3. If the effect of the mass of the air-phase is negligible, Eqg.

3.14) will b
(3.14) will become aﬁt(pmam) + 0 Opmlinlin) = —0p+ prG— (4.3)

[(1+a/Cuw)yp a(l—oa)p.p
= =" =" 3.17 1P2> >
o a(l—a)pz ( ) DE’: pm ururJ

which is identical with the formulae reported as Eq. (37b) by For the present case of}aeraged water flow in the hydraulic engi-
Crespo (1969) and Eq. (3.21) by Caflisch et al (1985). How_neering,pllp?~ 10%andt; ~U. , thepy,= (1 —a)p, andin =

ever, the limitation forr is more lenient in the present paper. 2 unlessa is very close to 1. Then ;[he last term of Eq. (4.3)
The predictions of Eq. (3.14) are plotted in figure 1. It is P&comes approximatelyl:-- (@p, G- ), and Eq. (4.2) can
shown that very weak interaction between the two phases, Yi€ld approximately

very small value ofC,,,, can cause great reduction of the

sound velocity in the aerated water flow. If the interaction has dnat _ (1—a)0 i (4.4)

got some certain intensity (e.g. the magnitud€gf is 1 or dt

more), no essential difference exists between the predictions

of Eg. (3.14) and that of the Wood adiabatic formula Eq. Using the definition o§,, the pressurp can be expressed as
(3.16). This is just the case of the aerated water flow in the
hydraulic engineering. The experimental results of the sound
velocity in the steady area of self-aerated water flow in a steep
chute (Shuai 1995) are also plotted in figure 1, which is very
close to the prediction of the Wood adiabatic formula. There-which yields
fore, it is reasonable using the Wood adiabatic formula to cal-

_ _ o 0P, (B~ S
= yS1) = T EXPer—
P = p(PwS1) Porp, 0 &P ¢, O

culate the sound velocity in the aerated water flow in the d
hvdraulic engineeri LEBO = YP = yRT, = a? (4.5)
ydraulic engineering. QaplD,sl P1
T ' i ' 1 ! |
—— Predictions of Eq. (3.14) ]
©  Experimental results (Shuai 1995) EﬁpD _Pp (4 6)
100 L Cym= 0 @S]_Dpl - CVl '
\; 0.008 . T : .
5 An obvious compressibility influence is the change of fluid
S 0.04 density. For the aerated water flow, Eq. (4.2) yields
0.2 d
-1 0. = __1._..”.19.9
10 3 1 @ E U [m oo dt 4.7)
[ ] J I I S ]
0 0.2 0.4 0.6 0.8 1 Thus the magnitude of the divergence of the mixture velocity
o may be used for determining the change of the mixture density
Fig. 1. Sound velocity in the aerated water flow. and thus obtaining the compressibility criterion of the aerated

water flow,i.e. the conditions under which the compressibility
of the aerated water flow must be taken into account.

After some algebra operations of Eq. (3.12, 17), (4.3 — 6), Eq.
The compressibility of the aerated water flow is a characteristic(4.7) can be rewritten as

of the whole air-water mixture. It is then necessary to define the

4 Compressibility Criterion

mixture velocity O, = 1 O
Prin
U = < [apsts + (1—a)poli] (4.1) PmdUn . Cum(y —1)PmdU; ap O
2 T TR <l A
. . - ' _ 4,
as vyell as the mlxtgre density which is deflned.by Eq. (3.12). m, M + Cum(y 1)Pmam W2 +—~Cyyy O % 8)
Their control equations can be deduced by taking the sum of 02 2 0O
Eq. (2.1) and (2.2) ovek = 1,2, respectively. The resulting E(y_l)pmar U, (M) + O O p ,0:0,)] + %
equations read as follows: O b O
_ _ 2.3 _% D
FCo(y = 1)pm(1-0)"u; + =0 D, u
%P+ 0 ) = 0 (42)

1ur = ‘ar‘

whereu,, = |Un
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Supposing there exist a characteristic velogjtyand a charac- influence can not be neglected. It is the case of the aerated
teristic lengtH, in the considered problem and the magnitude of  water flow in the impinging region in plumping pools.
the change of the mixture velocity which occurs in the distance3. Extra-high-velocity steady aerated water flow in which the
I, is U, ONe can obtain the following criterion under which the  mixture velocity has the same magnitude of the sound veloc-
compressibility mustn’t be neglected: - U ~ Unoflo- Under ity. For this case, the terin, 0Pu,? is playing a dominant
this condition the gradient of velocity must be dependent on the role. Its order is as the square of the adiabatic Mach number.
change of density and thus the change of density must have an Therefore, the adiabatic Mach number may act as the com-
important effect on the flow. pressibility criterion for determining the importance of the
It is very convenient for us to use the dimensionless equations compressibility of steady aerated water flow. All of the other
in the analysis of the order of the magnitude. The appropriate terms contain the factor of the velocity-slip between the two
selection of the norm parameters can make the magnitude of phases, which also make some contribution to the compress-
each term of the dimensionless equations, not including the ibility of steady aerated water flow. This influence makes it
coefficient, be approximately 1, and thus the order of the mag- difficult to determine the detailed compressibility standard
nitude of each term can be determined approximately by its of the general aerated water flow, although the value of the
coefficient. The whole list of the norm parameters for the velocity-slip is small.
present case isifo, lo to, Pmor @mor %0r P10» Sior Uror Jo)- More-
over, accgrdlng o the momentum law, the norm parame_ter for5 Detailed Compressibility Standard of Homogeneous
pressure i9m@moUmos be_cau_se_the ;peed_ of the propagatlon_of Aerated Water Flow
the pressure perturbation is identical with the sound velocity.
We can then construct the corresponding dimensionless varig-or the steady homogeneous aerated water flow vdiétre 0
bles to replace those in Eq. (4.8) and obtain and 0; = U, = Un , the continuity equations of the air- and
water-phase are

O iy = 2 0P slm) = O (5.1)
an

0 lo [M_aoai . CVM(v—l)ééMaoﬁ_@a_p*J O ,

motol 2 3t 2 ot Pmot ) O O(L-a)pln] =0 (5.2)
0 2 2pp 2 0

lost 5+ Malss v Cym(y—1)82Mal,s
%ga_ozg“m g+ Tam [T Uy + = > 0 0 % respectively. They yield
g“mo O
O« « R O (4.9
0 u? = Cyw(y — 1)35Madt, (Ur [0 Gm) + 0 (49 ap./(1—a) = ayp/(1—0a,) = const (5.3)

a

EEOplO 200 2207 * LPRT NN 0
% Pm 8oMagln L[ (o Py )] + % The energy equation of the air-phase Eq. (2.3) becomes
g 2 3 2|:|1—G[|2 *3 g

—1)(1-0ag)"Cple0M u- +
E(y )(1=0to)"Colobs o o E p/pl = po/plo = const (5.4)
0 a
[PmoS10 Lotk x
Tpn, aéoMaop U 's, E The relation of the mixture energy can be written as

u2

Now the obvious compressibility criterion i& - Gm ~ 1. In h,+ 3’" = hy, = const (5.5)

general, the aerated water flow can't be considered as incom-

pressible if any term of the right side of Eqg. (4.9) is of the order,yhere the mixture enthalpy per unit mass is defined as

of 1 or more. The detailed analysis can be found in Zhao

(1998). Here only the most common cases in which the com-

pressibility influence must be taken into account are discussed. h, = —1—[0(p1h1 +(1—a)p;,hy] (5.6)

1. Sound motion in the aerated water flow. For this dade, m
the wavelength, 14 is the frequency, and thiyg(aoto) = 1.
Otherwisep,/p,o ~ 1 anda,/a,, ~ 1. Then the coefficient of For the temperature and the density of the water-phase remain
the termap'/at’ is of the order of 1, and thus all sound constant throughout the flow, the enthalpy per unit mass of the
motions in the aerated water flow are compressible. water-phaséh, also remains constant. For the sake of conven-

2. Aerated water flow with extra great depth. Under the normall€NCe; leh, = 0. Thus, using the air-phase state equation (2.4) and
condition, the sound velocity in the aerated water flow is he relatiorh; =& +plp; =, T, + p/py, it can be verified that
about 30 m/sg, = 9.8 m/s is the acceleration of the gravity.
If golo/an? ~ 1 orly~ a.?/go = 90m and the mixture velocity h, = y-1l+ap (5.7)
approximately parallels the gravity, the compressibility y=1 pn
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and Eq. (5.5) can be rewritten as 6 Concluding Remarks

Aeration is a common phenomenon of the high velocity water

y-1l+ap  Up_Y=1*Copy

= const (5.8) flow in the hydraulic engineering. The entrained air may dra-

y=-1 pmn 2 Y=1 Pmo matically enhance the compressibility of the aerated water flow.
It is necessary and important to investigate the laws of the com-
Divided by the square of the Wood adiabatic sound velocity,pressible aerated water flow in the hydraulic engineering, espe-
we can obtain cially in the case of extra-great-height dam.
The present study has been focused on some fundamental topics

2 2a O

y(y-1)g

(5.9)
a(l-ay)
[Go(l_a)

1-a of this problem. It has been shown that the Wood adiabatic for-
oy-1+ O(o)l s U mula is a good approximation for calculating the sound velocity
° in the extra-high-velocity aerated water flow. The compressibil-
v 0 ity influence of the extra-high-velocity aerated water flow in
J —(y-1+0a)Qg which the air-water mixture velocity is of the order of the sound
O velocity must be taken into account. A detailed compressibility

standard has been obtained for the case of the steady homoge:

where the approximation,= (1 —a)p, has been used and then
the relation (5.9) is tenable if the conditiap(/(1 —a)p,) « 1

is satisfied.

Using the relation (5.9), we can determine all parameters of the

neous aerated water flow, which is just the same as that in aero-
dynamics.

mixture flow as functions of the adiabatic Mach numifet 7 Notations

Figure 2 shows the rate of the change of the air-water mixture,
density,i.e.

C
Co
_A__Er_n - ‘pm_pmo‘
Prmo Pmo Cum
d

as a function of the adiabatic Mach numbf It is shown that €
this rate is less than 4% whkfa < 0.3, and thus it is reasonable F
to consider the flow incompressible. On the other hand, Wheré
Ma > 0.3, the change of the mixture density is more remarkableh
and the flow must be considered compressible. Therefore, thél
detailed compressibility standard of the steady homogeneouk

aerated water flow ought to read as follows: Ma
p
Ma< 0.3, incompressible aerated water flow R
Ma> 0.3, compressible aerated water flow 'lﬁ'l

which is just the same as that in aerodynamics.

sound velocity

specific heat

empirical parameter in the drag relation of Hench &
Johnston (1972)

added mass coefficient

air bubble diameter

internal energy per unit mass
interfacial force

body force (e.g. gravity)
enthalpy per unit mass
parameter defined as/p,’
thermal conductivity
adiabatic Mach number
pressure

gas constant

temperature

velocity

Greek Letters

0.24 T T T T T T . . .
a concentration or air concentration
a=0.7 0 relative velocity-slip
0.16 i % ratio of specific heats
g p density
a a= 0.5 N
= T characteristic time
< 0.08L a=0.3 |
Subscripts
| ex  external
0 | 1 i L 1 L | N H H
0 02 04 06 08 1 i internal
M k k-phase
a .
1 air-phase
Fig. 2. The rate of the qhange of the air-water mixture density as & water-phase
function of the adiabatic Mach number. m mixture
0 norm parameter
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Superscripts ZHAO, J. F. & L, W. (1996), A survey of sound velocity in aerated
water flow. Outlet Works & High Velocity Flow, (3), 26—35 (in Chi-

' perturbation nese).

* dimensionless variable ZHAO, J. F. & L, W. (1999), Shock wave in extra-high-velocity aer-
ated flow. J. Hyd. Eng., (4), 10-13 (in Chinese).
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