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Flow Direction

Fig. 1. Sudden Contraction and Expansion.
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ABSTRACT
Flow characteristics in an open channel with a constriction are investigated numerically by using a three-dimensional multi-level hydrodynamic model.
In this model, the two-step Euler predictor-corrector algorithm is introduced to predict and correct free surface water level. The momentum equations
in horizontal directions are discretized in an explicit scheme for the component velocities u and v, and the continuity equation is discretized for the
velocity w in an implicit scheme in uniform and non-uniform grid systems. The model has been tested against analytical solutions for two standard
cases and used to study sudden contraction and expansion open channel flow. The numerical results are in good agreement with analytical and experi-
mental data. Simulated flow patterns for the sudden contraction and expansion flow show reasonable flow characteristics downstream of an opening.

RÉSUMÉ
Les caractéristiques de l’écoulement dans un canal à surface libre avec un rétrécissement sont étudiées numériquement en utilisant un modèle
hydrodynamique tridimensionnel multi-niveaux. Dans ce modèle, on introduit l’algorithme prédicteur-correcteur d’Euler à deux pas, pour prédire et
corriger le niveau de la surface libre. Les équations dynamiques horizontales sont discrétisées avec un schéma explicite pour les composantes de vitesse
u et v, et l’équation de continuité est discrétisée, pour la composante w, avec un schéma implicite, dans des systèmes de grilles uniformes et non
uniformes. Le modèle a été testé sur des solutions analytiques pour deux cas standards et utilisé pour étudier le rétrécissement et l’élargissement brusque
d’un écoulement à surface libre en canal. Les résultats numériques sont en bon accord avec les données analytiques et expérimentales. Les configura-
tions d’écoulement simulées pour le rétrécissement et l’élargissement brusque présentent des caractéristiques raisonnables pour un écoulement à l ‘aval
d’une ouverture.

1 Introduction
Flow patterns in rivers and navigation channels are greatly influ-
enced when large-scale structures such as piers, causeways or
groins are constructed across them. Flow velocity changes rapidly
near the structures because the cross-sections of the flow channel
are suddenly adjusted. A typical scenario is the sudden contrac-
tion and expansion of flow such as that shown in Fig. 1. When
water flows through an opening, upstream water will head up
from the side walls and bottom resulting in a rapid increase in the
flow velocity. Beyond the opening, however, flow separation
from solid boundaries will ensue and large-scale eddies will be
formed in the horizontal and vertical directions. These eddies
cause strong scouring and erosion of the bed and the foundations
of hydraulic structures, thus undermining the safety of the struc-
tures. In the design of such structures, a good understanding of
the hydraulic characteristics would be necessary.
Since it is expensive and time consuming to conduct physical
model tests and field measurements, many mathematical hydro-
dynamic models have been developed and applied to solve open
channel flow problems in the past three decades. Most of these
models are two-dimensional depth or width averaged models.
Flow patterns around a long jetty or a groin have been studied by
using the two-dimensional depth averaged models (Shinji, 1996;
Zhou and John, 1992). The research results show that the horizon-
tal eddy occurs behind the long jetty or groin. Flow Patterns of
buoyant jet flows have also been obtained by applying the two-

dimensional width averaged models (Adams and Rodi, 1990;
Karpik and Raithby, 1990). The simulation results show that an
eddy in the vertical direction exists. As may be anticipated, the
two-dimensional models cannot provide a good simulation of the
complex problem depicted by Fig.1. A three-dimensional mathe-
matical model would be necessary.
There exist, however, some difficulties in applying three-dimen-
sional models. Efficient computational schemes and finer grid
resolution are required because of the large body of moving water
and the rapid changes of the cross section. Length scales normally
measured in kilometers must be divided into many small grids
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and numerically dealt with. Many three-dimensional models for
free surface flow problems have been developed in the past (Cao
and Zhang, 1987; Kawahara et al., 1983; Kim and Lee, 1994;
Tomaya and Pun, 1992). Amongst the pioneer models developed
was the model by Leendertse et al. (1973) which was based on
rigid-lid approximations. The latter is, however, inappropriate for
problems with large temporal fluctuations in the free surface. Co-
ordinate transformations in both the horizontal and vertical scales
have since been introduced to resolve this limitation and to better
fit the irregular boundary of the model domain. But these trans-
formations increase computational time and also induce numeri-
cal uncertainties (Cheng and Smith, 1989). In order to offset these
disadvantages, a multi-layer or a multi-level model is widely used
in three-dimensional hydrodynamic simulations. The free surface
boundary does not need to be specially dealt with because the
three-dimensional structure in both the multi-level and the multi-
layer models involves stacking of many depth averaged hydrody-
namic models. The multi-layer model is different from the multi-
level model in the construction of the interfacial layer. In the
multi-layer model, there is no transport across the layers that dis-
place vertically to maintain continuity. The application of a multi-
layer model to simulate tidal currents requires the strict specifica-
tion of open boundary conditions at the layer interfaces, which is
rather difficult in practical situations. However the above difficul-
ties are not encountered in the case of a multi-level model. The
multi-level model assumes that the interfacial layers are fixed in
space and there is vertical transport between layers to maintain
continuity.
To date, many numerical techniques which involve finite differ-
ence, finite element and finite analysis methods are used to solve
the basic governing equations in a large number of three-dimen-
sional hydrodynamic models. The main advantage of using finite
element and finite analysis methods is the ease in simulating com-
plex bathymetries (Daniel and Francisco, 1987; Fang, 1994;
Mutsuto and Kenichi, 1978). However, the program codes are
complicated, and these models also require much larger computer
memory and considerable computer time. The finite difference
method has been used extensively in the last two decades. The
main advantage of using a finite difference scheme is its simplic-
ity and ease in programming. Various techniques have been de-
veloped to improve the stability and resolution of finite difference
schemes (Cao and Zhang, 1987; Kim and Lee, 1994; Shankar et
al., 1995; Zhang, 1998). Time marching schemes, used in three-
dimensional hydrodynamic models, can be classified into three
classes, i.e., the implicit scheme, semi-implicit scheme and ex-
plicit scheme. The computational procedure in the implicit
scheme or semi-implicit scheme is more stable, but these schemes
are time consuming since there is a need to solve the simulta-
neous algebraic equation system. Moreover, the computational
core storage requirement in the implicit scheme and semi-implicit
scheme is much more than that in the explicit scheme. Consider-
ing these, the explicit scheme or semi-implicit numerical scheme
is preferable for most practical computations.
In this study, an efficient and simple three-dimensional finite dif-
ference multi-level model is developed. A two-step Euler predic-
tor-corrector algorithm with second-order accuracy in time step-

length is introduced to predict and correct free surface water level
accurately and rapidly. The momentum equations in the horizon-
tal directions are discretized with an explicit scheme, and the con-
tinuity equation is discretized with an implicit scheme. The veloc-
ity components in the x, y and z directions are directly obtained
without solving an algebraic equation system. The distinguishing
features of the proposed numerical method are the higher accu-
racy and stability compared to a complete explicit scheme and the
reduced computational time compared with semi-implicit and
fully implicit schemes. The model is tested against analytical so-
lutions for two standard cases in a rectangular basin. These are
wind induced circulation and tide induced flow. The model is also
used to simulate the flow in a channel with a sudden contraction
and expansion.

2 Governing differential equations

Under the conditions of hydrostatic pressure distribution, the
Reynolds time-averaged Navier-Stokes equations and the intro-
duction of the eddy viscosity concept for Reynolds stress, the
governing equations of continuity and momentum for incom-
pressible turbulent fluid flow in a three-dimensional (x, y, z) co-
ordinate system with the z axis directed vertically upwards are:

in which p = the time-averaged water pressure; u, v, w = time-
averaged velocity components in x, y and z directions; f = coriolis
force coefficient; in practical application, εx and εy are usually
assumed to be equal to εh; εh, εz = horizontal and vertical eddy
viscosity coefficients; ρ = water density; g = acceleration due to
gravity; t = time.
After substituting Eq. (4) into Eqs. (2) and (3), and taking the ver-
tical integration of Eqs. (1) to (3) over a discrete layer of thick-
ness hk (as shown in Fig. 2), and also using a streamline condition
at the free surface and the bottom, the governing equations be-
come:
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The streamline conditions at the surface and the bottom:

where H = the water depth below the reference plane (Mean Sea
Level), ζ = water level at the free surface.
If the individual layer continuity equations are summed over the
entire water column, the internal vertical velocities cancel out and
this leads to:

where

;

for bottom layer, hk = h(x, y); for top layer, hk = h(x, y, t); for in-
terior layers, hk = constant;

.

The shear stress at the surface is given by:

where cs = wind stress coefficient; Wx , Wy = the component wind
speeds in x and y directions respectively, ρa = the mass density of
air.
Assuming that shear stress is a quadratic function of the bed ve-
locity, the imposed relation can be written in the following form:

in which cb = the bottom friction coefficient; ub , νb = the layer-
averaged velocity components in x and y directions respectively
near the bottom.
To solve the above governing equations, boundary conditions
must be imposed. In general, two types of boundary conditions
are to be distinguished: closed and open boundaries. Closed
boundaries are land-water boundaries and open boundaries refer
to water-water boundaries introduced to restrict the size of the
problem domain. At the closed boundaries, the slip or no-slip
boundary condition is adopted. At the open boundaries, the veloc-
ity or water level must be prescribed.

3 Numerical methodology

The layer-averaged equations derived in section 2 are solved on
a three-dimensional space-staggered grid (Fig. 3). The horizontal
grid spacing is uniform or non-uniform, and the vertical grid
spacing can also be variable. The horizontal velocities u and ν are
defined at the center of each layer and the vertical velocity w is
defined at the layer interfaces. Three time-levels are involved in
the predictor finite difference equation, the previous time level,
the present time level and the advanced time level. Two time-lev-
els are used in other finite difference equations, the present time
level and the advanced time level. The upwind difference scheme
for the spatial convective terms of the momentum equations, cen-
tral difference for the other spatial derivative terms and central
and forward difference for the time derivative terms are adopted.
For the boundary points, four-point high accuracy interpolation
formulas are used in the convective terms. In order to save com-
putational time and improve accuracy, the two-step Euler predic-
tor-corrector algorithm is introduced to solve the finite difference
equations. All finite difference equations are given in Appendix
III. The computational process is depicted as follows:

1. set spatial and temporal grids ∆x, ∆y, hk , ∆t.
2. set initial conditions, boundary conditions and parameters.
3. predict the free surface by using the equation ((III-1) or (III-

2)).
4. solve x direction momentum finite difference equation for u n+1

by using the equation (III-5).
5. solve y direction momentum finite difference equation for ν n+1

by using the equation (III-6).
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6. solve the continuity equation for w n+1 and correct ζ n+1 by the
equations ((III-4) and (III-3)).

7. start new time loop

4 Model verifications

4.1 Numerical experiment 1: Wind-induced circulation

Before attempting to apply the 3-D multi-level hydrodynamic
model to engineering problems it is desirable to prove its accu-
racy and efficiency by applying it to some standard cases for
which the analytical solutions exist. At first, the model is applied
to wind induced circulation in a rectangular closed basin (as
shown in Fig. 4). Using the no-slip condition at the channel bed,
the following uniform and steady state analytical solution for hor-
izontal velocity component in a well-mixed channel with constant
vertical eddy viscosity ε is known (Li and Zhan, 1993; Lu and
Wai, 1995):

where u = horizontal velocity in x direction; h = water depth; ζ =
the free water surface elevation above the water depth;
σ=(h+z)/(h+ζ); ε = eddy viscosity coefficient in vertical direction;

surface wind stress.s
xzτ

A rectangular basin with a depth of 10 m, a length of 2 km, and
a width of 0.8 km was simulated. The free surface was acted on
by a constant wind-induced stress (1.5 N/m2). The water body was
divided into ten equal layers and the following parameters were
adopted: ∆x = ∆y = 100 m; ∆t = 5 s; εh =0; εz = 0.01 m2/s; ƒ =0;
ρ = 1000 kg/m3. The convergence was reached from a cold start
after the program was run for eight time-step lengths. The simu-
lated steady state vertical velocity profile at the center of the
channel and the corresponding analytical solution was shown in
Fig. 5. It can be seen that the computed results agree very well
with the analytical solution. The flow velocities in the vertical
direction change from the maximum value at the water surface to
zero at about 6.7 m of the water depth, then the flow direction
changes below 6.7 m.

4.2 Numerical experiment 2: Tide-induced circulation

This numerical experiment is concerned with the three-dimen-
sional unsteady flow in a rectangular channel driven by tidal forc-
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ing at the open boundary. A rectangular basin with a depth of
10m, a length of 3400m, and a width of 1400m was simulated.
The problem geometry and the horizontal mesh are shown in Fig.
6. A cosine wave with a maximum amplitude of 0.5m at the right
open boundary was introduced as free water surface elevation at
time t = 0. The analytical solution for this flow situation consists
of the following equations (Ippen, 1966):

where A is the wave amplitude, ω is the angular frequency ( ),
T

π2

h is the water depth, x is the distance from the left boundary, t is
time and T is the wave period, ζ is water surface elevation above
still water level and u is the depth averaged velocity component
in the x direction.
In the numerical simulations, the water body was divided into
seven equal layers and the following parameters were adopted: ∆x
= 200 m; ∆y = 100 m; ∆t = 5 s; εz = 0.01 m2/s; εh = 0; ƒ = 0; ρ =
1000 kg/m3; T = 12 hours. To give better simulation for unsteady
water flow near the left solid boundary, a non-uniform grid was
used and ∆x was decreased to 100m. Convergent results were
obtained after a half tidal period of simulation from a cold start.
After the simulation of one tidal period, the velocity of every
layer at the center of the channel was integrated and averaged in
depth at the end of every hour. The numerical and analytical re-
sults of free water surface elevation and depth-averaged velocities
were compared in Fig. 7. The analytical and numerical values are
almost identical. The comparisons of the numerical results with
the analytical results show that the maximum water surface eleva-
tions agree to within 2.5% and the maximum u-velocity compo-
nents are correct to within 1%.

5 Application to an open channel flow with a constriction

5.1 Experimental investigation

The objectives of the experimental investigation are not to dupli-
cate a specific prototype problem. The focus, instead, is on two
aspects: (1) an understanding of the structure of flow with sudden

contraction and expansion, and (2) verification of the three-di-
mensional hydrodynamic model developed in section 3.
The experiments were conducted in a rectangular flume with a
depth of 0.6m, a length of 8m and a width of 1.2m. An opening
with a depth of 0.5m, a length of 0.2m and a width of 0.2m was
made in the flume. Fig. 8(a) shows the plan layout of the experi-
mental apparatus. Fig. 8(b) shows the longitudinal view along the
centerline of the flume. The coordinate system is also shown in
Fig. 8(a) and (b). In the hydraulic experiment, only steady flow
is studied. To minimize the influence of secondary flow on the
main flow, water depth was set to be small compared to the width
of the flume. Thus, the flow discharge in the flume was main-
tained constant at 20 liters per second and the water depth down-
stream of the opening was adjusted to about 28cm by controlling
the tail gate. The Reynolds number upstream of the opening
(Re = = 5(cm/s)x20(cm)/0.009(cm2/s) 11000) was approxi-

υ
UR

mately 11000. It can be seen from the experiments that the state
of flow upstream of the opening was quite stable, but the flow
downstream of the opening was very unstable and strongly turbu-
lent. The velocity in the flume was measured using an Electro-
magnetic Current Meter. The meter can be set in three measure-
ment ranges (0 ~ ± 25 cm/s, 0 ~ ± 50 cm/s and 0 ~ ± 250 cm/s).
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Fig. 10. Measured Velocity Change in Different Layers of Upstream
Boundary

Its measurement accuracy is ± 2% of the range or ± 0.5 mm/s.
The two horizontal velocity components at the measured point
can be obtained by two pairs of the electrodes installed in the sen-
sor. The distributions of two velocity components along vertical
lines and water depths at many locations were measured. In gen-
eral, five point velocities were measured in one vertical line. The
water depths in the flume were measured with a water surface
sensor probe. Upstream of the opening, it is easy to measure the
velocities and water depths. However, it is difficult to measure
the velocities and water depths downstream of the opening since
the flow is highly turbulent. In the present series of experiments,
a series of velocity and water depth observations at a measure-
ment point were made over a sufficient time interval and were
averaged for removing the effect of temporal fluctuations of tur-
bulent flow velocity.

5.2 Numerical simulation of hydraulic experiment

The validity of the hydrodynamic model is examined by compar-
ing the numerical simulation results with the hydraulic experi-
mental data. The flow domain for analysis includes 0.6m up-
stream of the area of the opening and 3.0m downstream of the
opening. The flow domain was divided into twelve layers. To fit
the complex bottom boundary, the layer thickness varied non-uni-
formly with water depth. The layer thickness was chosen as

1.5cm from the first layer to the fourth layer. The layer thickness
was adopted as 2.0cm from the fifth layer to the seventh layer and
3.0cm from the eighth layer to the eleventh layer. The thickness
of the twelfth layer was computed and changed with the location.
The horizontal and vertical meshes are shown in Fig. 9. Figure
9(c) shows the horizontal mesh above the seventh layer. Figure
9(b) is the horizontal mesh below the sixth layer. Figure 9(a)
shows the vertical mesh. The values of other parameters adopted
are: ∆x = 0.05 m; ∆y = 0.05 m; ∆t = 0.005 s; εh = 30 cm2/s; ƒ = 0;
ρ = 1000 kg/m3; εz = 0.5 cm2/s near the flume bottom below sixth
layer, but εz = 1.2 cm2/s away from the flume bottom above sev-
enth layer. The values of εh and εz are estimated based on the gra-
dients of velocity using the established relationships (Abbott,
1997; Kim and Lee, 1994). The velocity boundary condition was
imposed at the upstream boundary. Five measurement vertical
lines were uniformly arranged in the boundary cross-section and
four measurement points were chosen in every measurement ver-
tical line. Further, some measurement points were also arranged
at the same layer. The velocities of the grid points in the other
layers and cross-sectional direction on the upstream boundary
were obtained by linear interpolations of the above measurement
points. Figure 10 exhibits the measured velocity distribution of
the four layers on the upstream boundary of the opening. It is ob-
served that the velocities at the upstream boundary decrease grad-
ually from one side of the channel to the other resulting in non-
symmetrical incoming flow. The asymmetry in the flow is caused
by imperfect boundary roughness and flow disturbances at the
upstream inlet. The water elevation boundary condition was
adopted at the downstream boundary 3.0m from the opening. Five
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Fig. 12. Comparisons of Simulated u-velocity Profiles with Experimental Data Along the Centerline of Flume
(from Fig. 12(a) to Fig. 12(i))

27.95
27.96
27.97
27.98
27.99
28.00
28.01
28.02
28.03

0 20 40 60 80 100 120

Width(cm)

D
ep

th
(c

m
)

Fig. 11. Water Elevation at Downstream Boundary

measurement points of water surface elevation were uniformly
laid in the downstream boundary cross-section. Figure 11 shows
the measured water depth variation at the downstream boundary
of the opening. The free surface elevations at the other grid points
on the downstream boundary were obtained by linear interpola-

tions of the five measurement points. Non-slip boundary condi-
tion was used at the bottom boundary. Slip boundary conditions
were imposed on the channel walls. The convergence was
reached from a cold start after the program was run for ninety
time-step lengths on a Pentium 200 MHz personal computer. The
simulation run time was about 1.5 hours. Some preliminary nu-
merical tests were carried out using different number of layers for
the simulation of experimental study to test the grid dependency
on the results. It was observed that there were no significant
changes in the computed values of the velocities for the case
tested.
Figure 12 presents comparisons of simulated flow velocities in
the x direction with the experimental data along the centerline of
the flume. The titles of the sub-figures indicate the horizontal lo-
cations of vertical velocity lines. The simulated flow velocities
show reasonable agreements with the measured values both in
front of the opening and behind the opening. The velocity compo-
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Fig. 13. Comparisons of Computed u- and v-velocity Profiles with Experimental Data Upstream of the Opening

nent in the x direction changes greatly with the distance along the
centerline of the flume and an eddy occurs apparently in the verti-
cal direction downstream of the opening. Large differences exist
between the simulated flow velocity and the measured value in
the immediate vicinity of the opening due to strong turbulence.
The major discrepancies between the calculated and measured
values of velocity downstream of the opening are 6 cm/s in Fig.
12(c) and 10 cm/s in Fig. 12(d). These deviations are of the order
of 13 percent and 22 percent of the measured values. They occur
at about 21 cm of water depth and free water surface. Figures 13
to 14 show the simulated and measured flow velocity profiles in
x and y directions of four vertical lines upstream and downstream
of the opening. Major discrepancy between calculated and mea-
sured values is noted at locations (31,7) and (31,19) in Fig. 14.
These locations are situated in the downstream eddy region where
the flow is highly turbulent. The component values of velocities
at these points are small and the flow direction changes quickly.
Discrepancies in the eddy region are expected as numerical simu-
lation of flow structure in the eddy would need the use of a re-
fined turbulent model such as k–ε turbulent model. Generally
there is reasonable agreement between the simulated flow veloc-
ity components and the measured values. Further, it is observed
that the simulated velocities upstream of the opening are in better
agreement with the experimental data than downstream of the
opening.
The flow structure is presented in Figs. 15, 16, 17 and 18. Figure
15(b) shows the simulated flow pattern in the x and z plane along
the centerline of the channel. It is apparent that the flow velocities
increase rapidly when the flow is close to the opening, but the
flow velocities decrease with eddy formation in the vertical direc-
tion downstream of the opening. Further Figure 15(a) focuses on
the flow pattern in the vicinity of the opening. Figure 16 illus-

trates the simulated flow patterns in the x - y plane at four layers
(first layer, fourth layer, seventh layer and eleventh layer). It is
shown that the flow velocities change gradually and the flow state
is stable in front of the opening. However, the flow velocities
change rapidly and the flow state is very unstable behind the
opening due to the formation of eddies. Two large-scale and non-
symmetrical horizontal eddies are formed downstream of the
opening because of slightly non-symmetrical incoming flow from
the upstream of the opening as a result of the nonsymmetrical
measured velocity distribution imposed as an upstream boundary
condition. Moreover, Figure 16(a) to Figure 16(d) show clearly
that there exists the great depth-wise change of flow states. At
lower layers water flow is complicated and the circulation in the
cross-sectional direction is obvious and strong. Figures 17 and 18
show the simulated flow patterns in the y - z plane at the distances
of 35cm (Fig. 17(b)) and 5cm (Fig. 17(a)) upstream of the open-
ing and 5cm (Fig. 18(a)), 155cm (Fig. 18(b)) and 275cm (Fig.
18(c)) downstream of the opening. It is apparent that the flow will
converge when it approaches the opening. The flow stream will
dive down and form back-flow around the main jet stream. The
complex circulation in the cross-section is formed as the flow is
away from the opening. Comparison between Fig. 17 and Fig. 18
also indicates that the flow structures are much more complex
downstream of the opening than upstream of the opening in a sud-
den contraction and expansion flow.
In the numerical simulation of the hydraulic experiment, the vari-
able εz values in the different layers were tested. Curve 1 in Fig.
19 shows the numerical results at the horizontal location (19,13)
when εz = 0.5 cm2/s near the flume bottom below sixth layer, but
εz = 1.2 cm2/s away from the flume bottom above seventh layer.
Curve 2 in Fig. 19 shows the numerical results when εz = 1.2
cm2/s in the whole domain. It was found that the simulation re-
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Fig. 14. Comparisons of Computed u- and v-velocity Profiles with Experimentel Data Downstream of the Open-
ing

sults were slightly improved when the vertical eddy viscosity co-
efficient εz was reduced near the flume bottom.
By using the three-dimensional multi-level hydrodynamic model,
the depth-wise variations in flow velocity are easily seen. The
simulated flow velocities reasonably represent the actual flow
conditions in the channel with a sudden contraction and expan-
sion structure.

6 Conclusions

Flow characteristics in an open channel with a constriction were
investigated experimentally and numerically. Based on the results
of the study, the following conclusions are drawn:
1. The comparisons of numerical simulation results with the ex-

perimental data show that the developed three-dimensional
multi-level hydrodynamic model is efficient and applicable to
simulate complex flows such as a sudden contraction and ex-
pansion flow to a reasonable degree of accuracy.

2. The numerical and experimental results illustrate that the flow
in an open channel with an opening is very complicated. The
flow in front of the opening is stable and less turbulent whilst
the flow beyond the opening is very unstable with strong turbu-
lence. Downstream of the opening, eddies are formed in the
vertical and cross-sectional planes as well as in the horizontal

plane.
3. In the three-dimensional numerical model, the two-step Euler

predictor-corrector algorithm was introduced to predict and
correct the free surface water level more accurately. The mo-
mentum equations are solved using explicit schemes, and the
continuity equation is solved using an implicit scheme. The
numerical model developed in this study is found to be effi-
cient and simple.

4. The numerical simulation results are sensitive to vertical diffu-
sion coefficient compared to other parameters. Variable εz val-
ues in the different layers were tested. The simulation results
were improved when the vertical diffusion coefficient εz was
reduced near the flume bottom. In order to give better simula-
tion for sudden contraction and expansion water flows, it is
necessary to assess the values of εz more accurately by using
turbulent energy model in future research work.
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Fig. 15. Simulated Vertical Flow Patterns along the Centerline of Flume

Fig. 16. Simulated Horizontal Flow Patterns at Various Layers
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Fig. 17. Simulated Flow Patterns in y-z Plane Upstream of the Opening

Fig. 18. Simulated Flow Patterns in y-z Plane Downstream of the Opening
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Appendix II: Notations

A tide amplitude
cs wind stress coefficient
f Coriolis force coefficient
g magnitude of gravitational acceleration
h water depth
H water depth below reference plane
p temporal mean pressure
t time
u temporal mean velocity in x direction
U depth-averaged velocity in x direction
v temporal mean velocity in y direction
V depth-averaged velocity in y direction
w temporal mean velocity in z direction
W wind speed
x longitudinal coordinate in Cartesian system.
y lateral coordinate in Cartesian system
z vertical coordinate in Cartesian system

Greek Symbols

∆t time step length
∆x, ∆y space step lengths in x, y directions
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ε turbulent energy dissipation rate
εx eddy viscosity coefficient in x direction
εy eddy viscosity coefficient in y direction
εz eddy viscosity coefficient in z direction
εh eddy viscosity coefficient in the horizontal direction
k turbulent energy
ρ fluid density
σ (h + z)/(h + ζ)
τ shear stress
ω rotational angular velocity of Earth
ζ surface elevation above reference plane

Subscripts

a air
b bottom
h horizontal direction
k layer number
s surface
i, j, k location of grid point

Superscripts

n number of time step lengths
s surface

Appendix III

The finite difference equations for predicting free surface eleva-
tion are:

The finite difference equation for correcting water surface eleva-
tion is:

After two coordinate functions (x(i) and y(j)) of grid nodes are
introduced for non-uniform grids, the definition can be made that
for a grid node (i, j, k), its x coordinate is x(i)∆x, its y coordinate
is y(j)∆y and it is located at the center of k-th layer. ∆x and ∆y are
space step lengths in the x and y directions for a uniform grid. ∆x
and ∆y are maximum distances between two nodes in x and y di-
rections for non-uniform grid. The finite difference equation for
vertical velocity w can be obtained by discretizing equation(5) in
a uniform grid or non-uniform grid.

where

The finite difference equation for horizontal velocity component
u can be obtained by expanding and discretizing the equation (6)
in uniform grid or non-uniform grid.

Where
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On the analogy of the equation (6), the finite difference equation
for the horizontal velocity component v can be obtained by
discretizing equation (7):

where



JOURNAL OF HYDRAULIC RESEARCH, VOL. 39, 2001, NO. 2 201

)))2()2((
2

1
/())))2()(/(()

()))()2(/(()((

,2,

,,,,,2,,,2

2

yjyjyyjyjyv

vyjyjyvv
y

v

n
kji

n
kji

n
kji

n
kji

n
kji

i���i��

��i����kl

�

�b
b

)))2()2((
2

1
/())))2()(/(()

()))()2(/(()((

,,2

,,,,,,2,,2

2

xixixxixixv

vxixixvv
x

v

n
kji

n
kji

n
kji

n
kji

n
kji

i���i��

��i����kl

�

�b
b

)))()2(/(()( ,,,2,,, yjyjyvv
y

v n
kji

n
kji

n
kji i����kl �b

b

l k � � � ��
b
b

v

y
v v y j y j yi j k

n
i j k
n

i j k
n

, , , , , ,( ) / (( ( ) ( )) )2 2 i

for 0,, ≤n
kjiv

for vi j k
n
, , > 0




