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ABSTRACT
The stream function is used to analyze the irrotational flow over spillway crests, with andwithout gate. Items of interest include the free surface location
and determination of the discharge and pressure fields. The approach, which is based on the finite difference method with a new representation of
Neumann’s problem on boundary points, is mathematically simple and requires only simple programming. Results thus obtained are in agreement with
those obtained by way of experiments.

RÉSUMÉ
La fonction de courant est utilisée pour l’analyse de l’écoulement au dessus de la crête de déversoir, équipé ou non de vanne. Les buts en considération
sont la détermination de la surface libre, le débit et le champs de pression. L’approche est basée sur la méthode de différences finies avec une nouvelle
représentation de la condition de Neumann au contour, c’est mathématiquement simple et facile pour la programmer. Les résultats alors obtenus
montrent une bonne concordance avec ceux qui ont été obtenus par la voie expérimentale.

Introduction

Escande [8] has shown, experimentally, that a two-dimensional
flow over a spillway is irrotational. This sort of flow has attracted
great interest because of its importance in several hydraulic fields.
The problem of determining the flow over a spillway is, mainly,
to obtain the contour of the free surface, the pressure distribution
on the spillway and on the gate (if it exists), and, at last, the dis-
charge when the upstream stagnant head is given. The difficulties
of the problem are the nonlinear boundary conditions on the free
surface and, according to the case, the flow is supercritical in the
downstream range of the crest of the spillway, while it is subcriti-
cal in the upstream range.
Nevertheless, numerical solutionsof problemhavebeen found for
many cases of practical interest. Chan et al. [5], Ikegawa and
Washiu [12] andDiersh et al. [7] employed the variational princi-
ple by means of finite element method. Good convergence was
encountered. However the accuracy is limited, especially in the
pressure distribution, perhaps because of the use of linear element
in the finite element solution. Li et al. [14] employed the finite
analytic method to obtain the numerical solution. A boundary-
fitted co-ordinate system is adopted to map the complex domain
into a rectangular domain with uniform meshes. The discharge
coefficient was deduced according to the variational principle for
variable domains. Nevertheless, the accuracy of this study is, es-
sentially, of the same order of magnitude as anterior studies.
To date, most of the existing finite difference methods can solve
only problems with simple geometric boundary [1], [15]. The
correction of the free surface is obtained either bymanual correc-
tion or via a trial-and-error technique.
In the present study, a new approach by finite difference method
is used. For a given mesh constant, the variable domains are
discretized by straight lines parallel to the cartesian axes. These

lines are intercepted by the boundary contour in points called
boundary points. Only their co-ordinates are used to obtain the
numerical solution. The great innovation is the Neumann bound-
ary condition written in each point of the boundary. This fact
yields excellent convergence and the accuracy is at least not
smaller than that of the above anterior or similar methods. As
well, the method is mathematically easy and simple to use. The
resolution of the free surface is by successive approximation. The
method could be used to analyze awide variety of plane harmonic
fields.

Finite-difference model

The flow is assumed to be steady, two-dimensional, incompress-
ible and irrotational. Let the region Ω of the x, y-plane flow have
a boundary Cmade up of one differentiable closed curve (or sur-
face), that admits a parametric representation x(s), y(s), where s
represents the arc length. Along a curve C, let the positive direc-
tion for s be in counter clockwise sense. Suppose that x(s) and
y(s) may be expansible by Taylor series around any point P(s).
Consequently, a right-handed system of triortogonal unit vectors

can be assigned to any point P(s), wheree ss( ) , e sn( ), eb( )s

is normal to the x,y – plane at the positive direction of thee sb( )

Oz axis, is tangential to the C curve at the positivee ss( ) ≡(sx sy, )
s-direction, and is such thate sn( ) ≡(nx ny, )

, always inwards oriented, makes an anglee s e s sn( ) ( ) ( )eb s
π/2 advanced in relation to that of and nx, ny aree ss( ) . (sx sy, )
the directional cosines of and , respectively. For a reale ss( ) e sn( )

potential function f(x, y), defined in Ω, denote by the∇ 2 f x y( , )
Laplacian operator . A fairly common∂ ∂ ∂ ∂2 2 2 2f x f y/ /+
class of spillway flow is included in the following problem, that
is, in the solution of Laplace’s equation
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Fig. 1 Closed curve C as boundary of regionΩ in parametric represen-
tation with s-direction counter clockwise, unit tangential and
normal vectors, mesh constant hm, regular and irregular interior
points, and Cartesian axes with origin in the lower left corner of
the net.
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subject to the mixed boundary conditions

where g1 and g2 are known functions in P on C and f P n( ) /
denotes the derivative of f(P) in the inwards normal direction
(Neumann’s condition).
In numerical computations Ω, C, f and are frequently re-∇ 2f
placed by corresponding quantities associatedwith a finite differ-
ence network, introduced as follows (Fig. 1): For a given mesh
constant hm>0, let a net consist of straight lines given, by xi=ihm’,
yj=jhm i,j=0, 1, 2, ..., respectively, which determine on C the
points Pk = (xk, yk), k=1, 2, ..., called boundary points of the net.
The points Pi,j = (ihm, jhm) in Ω are nodes. The Pi,j nodes and the
Pk boundary points form a net assumed to be connectible by
straight segments of the net withinΩ. A point Pi,j is a regular inte-
rior point if it is connected with four neighboring nodes
(ihm±hm,jhm±hm). All other points Pi,j connected with regular in-
terior points and boundary points Pk are irregular interior points.
Under finite difference form, the Eqs. 1,2,3 can be written as fol-
lows:
For simplicity, let each irregular interior node Pi,j be denoted by
0 and the neighboring nodes on C and in Ω by 1,2,3,4. Let the
segment length be denoted a, b, c, d. It results from Eq.1, [9],

where r0 is the residual at 0 and each variable of type fw = f(Pk),
1 w 4, is either given by Eq.2 or determined by Eq.3. If 0 is a
regular interior node, Eq.4 reduces to the usual formula

Following [9], when certain conditions are satisfied, ro 0, thus
Eq.4 and Eq.5 form a system of equations equivalent to Eq.1.
TheNeumann condition (Eq.3) will be introduced by the formula
(see Appendix), at points Pk which lie on horizontal mesh lines:

and on vertical mesh lines:

where δx = xk - xo and δy = yk - yo
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determined by the finite difference method when unknown.
The system of linear equations is sparse, that is, most of the coef-
ficients in each equation are zero. Since the diagonal terms are
dominant, that is, they are at least as large as the sum of the off-
diagonal terms [+4 or (ac+bd) / abcd] and actually larger in at
least one case, the system can be solved by the Gauss-Seidel iter-
ationmethod, which converges to a solution of Eq.1. Thismethod
is marked by its simplicity and the ease with which it may be pro-
grammed for a computer.
To test the accuracy of the method for a domain where only
Neumann’s condition is given, an example worked by Southwell
andVaisy [16]was chosen. This has a known theoretical solution,
simple to compute, and entails rapid variation of f/ n in some
part of the boundary. The result revealed an excellent accuracy,
[2].

Formulation of the problem

Fig.2 shows a typical region of two-dimensional flow over a spill-
way. Let Ω indicate the flow region. Thus the boundary contour
C will be formed by the surfaces S1 of the reservoir (or channel)
bed and spillway, the free surface S3, which is unknown before-
hand, and the far upstream and downstream sections, denoted by
S4 and S2, which are assumed to be normal to the reservoir bed
and the spillway surface, respectively. The origin O(0,0) of the
co-ordinate system is always fixed in the left inferior corner and
theOx,Oy axes are taken in the horizontal and vertical directions,
respectively. Assuming the total head is given, the stagnant level
can be located H above the datum y=0. In this case, the flow rate
for the unit width of the spillway q is unknown.
Assuming an irrotational flow is in Ω, then the stream function f
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Fig. 2 Spillway flow with known stagnation level, free surface S3 pre-
liminarily unknown and AB critical section from known top-
most spillway sole A to B.
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= ψ(x, y) is plan-harmonic governed by the Eq.1. Moreover, if νs

and νn denote the respective components of the velocity <?> in
the directions of and at any point of C, ψ(x,y) can thereforees en
be defined by:

which will automatically satisfy the equation of continuity for an
incompressible two-dimensional flow.Moreoverwith every solu-
tion ι of Eq.1 there is associated a conjugate plan-harmonic func-
tion ϕ, called velocity potential function, such that

Besides, the velocity ν, the pressure p and the elevation y are re-
lated by the Bernoulli equation
vz

valid for every point inΩ. Let p henceforth be a gage pressure. At
the free surface, therefore, this pressure vanishes and the velocity,
at any point of that boundary, follows from Eq.9

where y=y(x) is the elevation of the point.
The critical variables. The effects of gravity on the liquid motion
when the free surface is disturbed depend on the dimensionless
Froude number , where νo is the flow velocity, L aF v gLr o= /
caracteristic length, and is the wave speed relative to thec gL=
liquid at which infinitesimal disturbances are propagating along
the surface. Let the flow speed V, the depth of flow Y, and the
wave speed at a cross section of the channel be usedc gY=
in defining the Froude number at section. AFr = V gY/
flow with V>c (Fr>1), V=c (Fr=1), and V<c (Fr<1) is said to be
supercritical, critical or subcritical, respectively. The flow from
Fr<1 to Fr>1 is accelerated, necessarily continuous, and its pas-

sage is called critical cross section, where Fr=1. The water depth
Ycr corresponding to Fr=1 is called critical depth. By different
ways, Guo et al. [10] and Brun et al. [4] proved that the critical
cross section is an equipotential line (ϕAB=const.) passing the
highest point A on the spillway and intercepting the free surface
at point B, called critical point. To the critical depth corresponds
a minimum specific energy whose value is

The sole of the spillway is, in general, upward (positive slope) in
the upstream range of the crest and downward (negative slope) in
the downstream range. These slopes of different signs of the sole
can yield the following well known effects [4]: if the flow is only
subcritical along the spillway, the velocity increases and the depth
decreases in the upstream side and the velocity decreases and the
depth increases in the downstream side; if the flow is only
supercritical, all the variation of direction changes: the velocity
decreases and the depth increases in the upstream side and the
velocity increases and the depth decreases in the downstream
side. So if a flow over a hydraulic structure (spillway preceded by
reservoir or channel) with a slope of contrary signs has an always
increasing velocity and the problem has an unknown boundary
part to be obtained by successive approximation (case of the
Fig.2), the boundary condition needs to be absolutely compatible
with the subcritical flow in the upstream region and with the
supercritical flow in the downstream region.Dirichlet’s condition
was found adequate for the subcritical flow and Neumann’s con-
dition, for the supercritical flow.

The gradient fromnumerical analysis.Somevalues of type ψ/ n
at the points of the boundary stream line of the net where ψ is
given, must be found from the numerical solution of Eq 1. The
method of calculation makes use of the fact that, along a free
stream line,

,

and of the gradient expressions

Whence,

at points which lie on horizontal and vertical mesh lines, respec-
tively.

The pressure head distribution. The first application of Eqs.12 is
the calculation of pressure at points of spillway and gate, when
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the definitive numerical solution of Eq.1 is obtained. Since the
velocity at those points, according to the Eq.7, is given by
ν=± ψ/ n the pressure head follows from Eq.9

The boundary conditions. To establish the boundary conditions
along the contour C of the flow region, let y(i), x(i), ψ(i) and q(i),
respectively, denote the co-ordinates, the stream function, the
velocity and the estimated discharge (see below) for the approxi-
mation i. The boundary conditions are given as follows:
1. Since S1 should be a fixed stream line, <?> must be a constant
whose value can be considered as the origin of the flow rate.
Therefore, theDirichlet condition is used for the numerical analy-
sis

2. The free surface S3 is initially unknown and two boundary con-
ditions need to be satisfied there, as well as the discharge q(i) ob-
tained by successive approximations. The critical point B is lo-
cated, roughly, on the point immediately at right of point A.
Along S3, from point B to the upstream region, the Froude num-
ber is Fr 1, therefore the Dirichlet condition is used for the nu-
merical analysis

From point B to the downstream region, the flow is supercritical,
therefore the Neumann condition can be used. Since νs = -ν

(i) and
νn = 0, it follows, fromEq.7 and Eq.10, that ψ/ s= 0 and = ψ/ s

. Eq.6 becomes, at points Pk, which lie onv g H y ii( ) ( ( ) )= −2
horizontal mesh lines:

and on vertical mesh lines,

where δx = (x(i))k – x0 and δy = (y(i))k – y0.
The other boundary condition is used to obtain the adjustement of
the free surface.

3. Let S2 and S4 be equipotential lines (normal to the all stream
lines among S1 and S3). Since νs=0 and νn=-ν on S2 and νn=ν on
S4, it follows, fromEq.7 and Eq.10, that ψ/ s= νn and ψ/ n = 0.
Hence,

Eq.6 becomes, at points Pk, which lie on horizontal mesh lines:

and on vertical mesh lines:

where δx = xk – xo and δy = yk – yo Since the velocity is uniform
on S4, then νn=ν=const and νn/ s = 0.

The approximation model. The adjustment of the free surface in
each of its points Pk to the next iteration from that used in the
present calculation can be expressed by:
– Following Eq.7, the condition that must occur on the upstream
region of the free surface has to be ψ/ n= ν(i), where ψ/ n is
given by Eq.12 and ν(i), by Eq.10. In case of differences between
these values, the elevation to the next approximation is

obtained according to Eq.10 and Eq.12.
– The condition that must occur on the downstream region of the
free surface is df q(i)–ψ(i) = 0. In case of differences, the correc-
tion dn(i+1) following the normal direction to the free surface
should be

where, from Eq10, . Whencev g H y ii( ) ( ( ) )= −2

and the co-ordinates of the next approximation are given by

The numerical solution. To begin with, a preliminary value of the
discharge q is assumed and the cross sections S2 and S4 are deter-
mined according to continuity. The procedure is as follows:
1. Assume the free surface for the approximation i=1.
2. Solve the problem so many times as necessary, changing the
flow rate each time until its value becomes equal to the value of
ψ obtained at the boundary point Pk-1 immediately anterior to the
critical point Pk. In that moment, the flow rate will be q(i) = (ψi)k.
3. Adjust the free surface according to Eq.18 and Eq.19a
andrepeat step 2 successively, until obtaining on all points Pk of
the free surface and the flow rate as
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Fig. 3 Quarter circle spillway following horizontal bed.Measurements
on model by P. Böss [3] compared with predicted values in this
study. Fig. 4 Solution for the spillway flow of Itaipu Binacional plant.

where εy and εn are absolute errors.
4. Use the Eq.13 to obtain the pressure head distribution on the
spillway.
So q(i+1) q(i) is the discharge, which will be, evidently, unless
there is a small error, of the same order of the flow rate value
evaluated at cross sections S4 by the formula

where h is the depth and Ho is the specific energy at S4.

Applications

Three geometries of spillways are considered to test the applica-
bility and versatility of the aforementioned method.

The circular spillway. Fig.3 shows a spillway to consist of a quar-
ter of circle preceded by a horizontal bed channel. Details of the
spillway geometry and experimental measurements were taken
from Böss, [3]. The basic data of the spillway and flow are: ra-
dius, 20cm, flow rate for one meter width, qo = 80 l/s.m (800
cm3/s.cm), the critical depth, hcr=8.68cm, and the stagnant level
is located Ho =13.02 cm above the channel bed
To be data compatible, the gravitational acceleration was taken
g=978.64 cm/s2 and hm=1cm to the mesh constant. It is easy now
to verify that hcr is the far upstream depth in the channel, qo is the
maximum discharge andHo is the minimum specific energy. The
flow through cross section S4 was considered uniform, then
ν(s)=νA= const., and through S2, the stream lines were supposed
to be circular concentric lines, where the velocity is given by
ν(s)r(s)=const., [13]. Ignoring the aforementioned data, the flow
over the spillway was studied beginning with h>hcr (h=10cmwas
assumed) at S4, whence q is given by Eq.20, S2 is determined by
continuity and a free surface is assumed between S2 and S4. Since
there is no positive slope and the velocity is always increasing
along the free surface from S4 to S2, a unique boundary condition

is then sufficient for every point of the free surface. The
Neumann condition, given by the Eq.16, was chosen and Eq.19
was used for the correction of the free surface. The convergence
was relatively fast. During the convergence process, the free sur-
face was always converging. When h arrived at hcr, the flow rate
q was substituted by the value ψX at point X to maintain this point
unchangeable henceforth and next to proceed until the conver-
gence of the free surface. This surface was considered solution
when themaximumdn=(ψX-ψ)/ν obtainedwas 0.46mm.For this
accuracy six iterations were required. Fig.3 shows excellent
agreement of the free surface with the measured data. The maxi-
mum flow rate encountered along the solution free surface was
ψo=811.998 cm

3/s.cm, therefore the maximum relative error for
the discharge is εq = (ψ0 – q0)/q0 = 0,015 or 1,5%. Fig.3 shows
still a small discrepancy between the predicted pressure line and
that measured. Considering thewide extension of the curve of the
spillway and of the free surface and hm that is not sufficiently
small, the results obtained seem to be encouraging and, particu-
larly, show that the Eq.16 and Eq.19 are well adequate to solve
the Neumann condition by successive approximation method.
The Itaipu spillway. To show the performance of the method in
hydraulic structures of practical interest, this study included the
flow over a spillway, with and without a sluice gate. The geome-
try of the spillway chosen is the Itaipu dam spillway (located on
the river Parana and owned by Brazil and Paraguay). Details of
the spillway geometry are given by De Moraes et al. [6].
Fig.4 displays some aspects of the spillway geometry, of the data
assumed and the performance of the flow. The boundary condi-
tions are the same aforesaid for Fig.2. The downstream extremity
of the profile S1 is an arc of circle and the cross section S2 is lo-
cated following the radius of the circle, which can be justified as
an equipotential line and treated as the anterior case. The dis-
charge was found equal to 199.0 m3/s.m.
Fig.5 displays the same spillway and the flow under a radial gate.
The boundary conditions are the same as above discounting the
following differences: Eq.15 and adjustment by Eq.18 along the
upstream portion S3 of the free surface; Eq.15 along the gate (S5);
Eq.16 and adjustment by Eq.19 along the downstream portion S3
of the free surface; the summit Y of the gate is at the same time a
stagnation point of the free surface, where the elevation must
equal H and νy = ( ψ/ n)y=0; since the bottom G of the gate is a
fixed point, belonging at the same time to the gate, where the ve-
locity νg = ( ψ/ n)g changes for each corresponding q, and to S3,
where thevelocitymust be constant andequal to ;)(2 GG yHgv −=

in this case, the procedure for each alternative of the calculation
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Fig. 5 Solution for the same spillway flow of Itaipu Binacional plant
with radial gate.
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is to vary a guessed value of q step by step, until finding a most
appropriate value of q for assuring the equality of both velocities.
After that, the S3 are adjusted for the next alternative. Very good
convergence of the solutions was obtained. The discharge was
found equal 97.50 m3/s.m.

Conclusion

In this study, the flow over spillways, with and without a sluice
gate, has been solved by the finite difference methods, thanks, in
particular, to a good and simple representation of the Neumann
condition on the boundary contour. The governing system of
equations is linear, sparse, and can be efficiently solved by the
Gauss-Seidel iteration method.
Comparisons of the results obtained for circular spillway with
results obtained experimentally indicate that the method’s accu-
racy is very satisfactory.
The method could be used to analyze a wide variety of problems,
as long as the plane harmonic theory is valid, and requires only
easy programming.
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Appendix

The Eq.6 can be proved as follows (see [11] for a similar treat-
ment):
The value of function fk at those points of the contour C where it
is cut by horizontalmesh lines can be evaluated approximately by
(Fig.1),

with neglect of all the terms containing third or higher powers of
dx xk – xo. The first derivative may be written as

From this equation, the second derivative follows

in supposing the Schwarz condition is verified and

∂
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f

s s

f

n
=

2f is invariant by rotation of the co-ordinate frame. Eq.6a is ob-
tained substituting fromEq.A2 and Eq.A3 for the first and second
derivatives into Eq.A1. In the same way, Eq.6b may be obtained.
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Notations

ψ stream function
ϕ velocity potential function
Ω* flow region
C closed curve (or surface)
x,y rectangular cartesian co-ordinates
s arc length

a right-handed ortogonal system of unit vectors ate es, , en b

each point of C
sx, sy directional cosines of es
nx, ny directional cosines of en
i,j,k subscripts used to designate pointsPi,j inΩ andPk on
C
hm mesh constant
f/ n the inwards normal derivative
( )k a value due to the point Pk

( )(i) a value for the approximation i
H total head
Ho, Hs specific energy
ν velocity
νs, νn tangential and normal components of the velocity,

respectively
p gage pressure
g gravitational acceleration
ρ mass density
q, qo discharge for the unit width of the spillway
εy, εn absolute errors
× sign of scalar product of two vectors
Λ sign of vector product of two vectors


