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ABSTRACT

A subsidiary weir is proposed to be constructed downstream of each of the existing barrages on the Nile river in Egypt to secure its stability, which
might have been affected after the construction of the Aswan High Dam. The present paper is intended to investigate the characteristics of seepage flow
beneath two structures with an intermediate filter. The downstream structure (the proposed weir) has a slopping middle apron and two flat aprons in
the upstream and downstream sides and is also provided with upstream and downstream cutoffs. The upstream structure (the existing barrage) has
upstream and downstream cutoffs. A conformal mapping technique is used to solve the problem. Equations to calculate the uplift pressure distribution
acting on both the existing barrage and the suggested weir are obtained; also equations to calculate the values of exit gradient along the intermediate
filter and the downstream bed are derived. The seepage flows which seep into and/or drained from the intermediate filter are estimated. The analytical
results are verified using experimental measurements performed on electrical analogue model and a very good agreement is noticed. A computer
program is designed to compute the seepage flow, the uplift pressure and the exit gradients.

RESUME

On se propose de construire un déversoir subsidiaire a I’aval de chacun des barrage existants sur le Nil en Egypte pour assurer leur stabilité, qui pourrait
se trouver affectée suite a la construction du grand barrage d’ Assouan. L’ objectif de cet article est d’examiner les caractéristiques des infiltrations en
dessous de deux ouvrages avec un filtre intermédiaire. L’ ouvrage aval (le déversoir proposé) a un radier médian incliné et deux radiers plats a I’amont
et al’aval, et est aussi pourvu de parafouilles a I’amont et a ’aval. L’ ouvrage amont (le barrage existant) a des parafouilles amont et aval. Le probleme
est résolu a ’aide d’une technique de représentation conforme. On obtient les équations permettant de calculer la poussée s’exercant sur le barrage
existant et le déversoir prévu. On en déduit également les équations des gradients le long du filtre intermédiaire et du lit aval. Les écoulements de
filtration qui péneétrent et/ou suintent au niveau du filtre intermédiaire sont estimés. Les résultats analytiques sont vérifiés a1’aide de mesures effectuées
sur un modele analogique électrique et 1’on note un trés bon accord. Un programme sur ordinateur est congu pour calculer I’écoulement de filtration,
la hauteur de chute et les gradients en sortie.

Introduction

Due to the degradation along the Nile river, consequent to the
construction of the Aswan High Dam, the existing barrages,
which had been constructed on the Nile river has become vulnera-
ble to instability. To reduce the difference of water level acting on
such barrages, a subsidiary weir is proposed to be constructed
downstream of each barrage at some distance from it.

Studies of the seepage characteristics of two hydraulic structures
with an intermediate filter have been carried out using conformal
mapping technique by several investigators. These studies besides
their application to limited cases such as the downstream structure
has either a flat floor with or without cutoff [1,2,6], or has an in-
clined middle apron without cutoff [3], are difficult to be applied
by the practicing engineers. An approximate solution which is
based on successive conformal mapping method, for floor having
inclined middle apron with a single cutoff is available [8]. All
these studies considered the existing barrages as a simple floor
without cutoffs or having single cutoff. No attention has been
made to consider the effect of the floor thickness.

Here, an analytical solution, using conformal mapping transfor-
mation, for the problem of seepage beneath two structures with an

intermediate filter has been obtained. The downstream structure
has a slopping middle apron, with upstream and downstream cut-
offs. The upstream structure has upstream and downstream cut-
offs. The embedded floor thickness has been taken into consider-
ation. The upstream cut-off is provided to prevent the soil under
the structures from slipping into the scour holes, while the down-
stream one is very important to prevent undermining. Equations
to calculate the uplift pressure distribution acting on both the ex-
isting barrage and the suggested weir are obtained. Equations to
calculate the values of exit gradient along the intermediate filter
and the downstream bed are derived. The seepage flows which
seep into and/or drained from the intermediate filter are esti-
mated. The analytical results are verified using experimental mea-
surements performed on electrical analogue model and good
agreement is noticed.

Mathematical model

The geometry of a typical two floors with an intermediate filter
is shown in figure 1.(a). It also shows the flow domain in the Z-
plane. The following symbols are used for the dimensions shown
in this figure: L, is the length of the upstream floor, CD; S, is
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Fig. 1 Illustration of the problem
the depth of the front face of the upstream cutoff, AU; S, is the depth of the back face of the downstream cutoff , EF; L is the

depth of the back face of the upstream cutoff , UC; S, is the length of the intermediate filter, FG. The downstream floor
depth of the front face of the downstream cutoff , DE; S,, is the GJLMNOQB has two horizontal aprons, a middle sloping apron
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and two end cutoffs; the length of the upstream apron, LM, equals
L,; the length of the downstream apron, NO, equals L,. The mid-
dle apron, MN, makes an angle a1t with the horizontal, and has
a projection length equal to L;. S5 is the depth of the front face
of the upstream cutoff , GJ; S, is the depth of the back face of
the upstream cutoff, JL; S, is the depth of the front face of the
downstream cutoff, OQ; S,, is the depth of the back face of the
downstream cutoff, QB. The drop between upstream and down
stream beds equal d. The effective heads on the upstream and
downstream floors equal to (H;-H,) and (H,-H;), respectively.
The two floors are founded on a homogeneous isotropic pervious
bed extending to infinity in the upstream, downstream, and verti-
cally downward directions.
Denoting w=@+il), where ) = stream function, @ = velocity po-
tential function and equal to -kH, in which H= the total head, and
k= coefficient of permeability.
A complete solution of the problem, w=f(z), is derived. This is
done as follows:
1 Mapping the physical plane (z) onto the lower half of an auxil-
iary semi-infinite t-plane, where t=r-+is.
2 Mapping complex potential plane (w) onto the lower half of the
auxiliary semi-infinite t-plane.
3 The w-zrelationship is then obtained by combining the derived
equations.

Boundary condition

As shown in Fig. 1(a,c), the first stream line, Y=0, coincides with

the subsurface contour of the upstream floor AUCDEF. The up-

stream bed A ‘A, the intermediate filter FG, and the downstream
bed BB are equipotential lines. If the upstream bed is chosen as

a datum, ®,, ,=-kH,;, ®p;=-kH,, and ®yp.=-kHj; respectively.

Depending on the dimensions of the two structures, the length of

the intermediate filter, and the relative value of (H,-H;)/(H,-H,),

three cases can occur:

1 Part of the seepage flow coming from the upstream side is
drained through the upstream part of the intermediate filter, FP.
The remaining part of the intermediate filter, PG, works as an
inlet face. In this case, along the length, FP, the stream function
varies between 0 and -q; whereas along length, PG, it varies
between - q; and - q,, Figure 1. (a), (c).

2 A streamline, )= -q starting from somewhere at the upstream
bed would meet the floor GILMNOQB, at some point P, where
it would divide into two streamlines, one along PG, emerging
at G, and the other along PB emerging at B. In this case the
entire intermediate filter works as an exit face, along which the
value of the stream function varies between 0 and -q, Fig.1(d).

3 A streamline, P=0 starting from point A, at the upstream bed
and another streamline, =0 starting from point F, at the inter-
mediate filter, would meet each other at point, P, on the up-
stream floor and will leave it towards the downstream bed. In
this case the entire intermediate filter works as an inlet face,
along which the value of the stream function varies between
q,=0 and q,. The hydraulic head along the upstream floor
would be a minimum at point, P, as shown in Figure 1(e). The
hydraulic head increases from point, P, in both directions until
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it reaches H, at point F and H, at point A, respectively. The
stream line Y= q, , coincides with the subsurface contour of the
downstream floor.

Analytical solution

The geometry of the problem and relative values of the velocity
potential @ and the stream function Y on the boundaries are
shown in the z-plane, Fig. 1(a).

The quantities (and | are related in the w-plane, Fig. 1(c). Points
in the z and w planes are conveniently represented by the com-
plex variables z=x+iy and w=@+i. To solve the problem, points
in these planes are mapped onto common points in the auxiliary
t-plane, Fig. 1(b), using the Schwarz-Christoffel transformation.
This yields relationships z=f,(t) and w=f,(t) from which, in prin-
ciple, values of w can be determined for all values of z.

To map the z-plane polygon AUCDEFGILMNOQB onto the t-
plane, the Schwarz-Christoffel equation becomes

Z:Mlj E-)E-)nh-t) (@ -t) (t —p)at o
0 tS(T - t)’s(ﬁ —t)'S(E —t)s(y —t)‘s(t —V)’S(t —9)“ ()\ _1)15 (l —t)5

D

where the points A and B are placed at 0 and 1, and the points A’,
U,C,D,E,EG,J,L,M,N,0,Q, and B’ lieat—°°, 3,1, 9, €, &,

Y, N.V, 0,0, A, g and @2, respectively, Fig. 1(a,b). The values of
these parameters are to be determined. 0Tt = angle of inclination
of the slopping floor MN; and M, and N; =complex constants. At
point A, z=0, and t=0, therefore, from (1) N,=0. Since the integra-
tion of (1) between the limits 8 and o is positive, M, = M, e %™
where M, = the modules of M,.

Integrating (1) along the boundaries between consecutive vertices
AU, UC, CD, DE, EF, FG, GJ, JL, LM, MN, NO, OQ, and QB,
respectively, the following equations were obtained

B
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0
R, =M, |[l di-S, =0 ©)
B
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[
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n
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Ry =M, |[I di =S, =0 (14)
[0

where I= integrand of (1). The unknowns M,,, 3, T, 8, €, &, y, ),
Vv, 6, 0, A, and | for a particular hydraulic structure, can be evalu-
ated by minimizing the sum of the absolutes of the residuals E

E:Z1 IR | (15)

The conformal transformation of the w-plane, Fig.1(c,d,e), onto
the t-plane, Fig.1(b), was given by

w (-1
-0 6 -9’

(16)

in which M, = complex constant. The corresponding between the
various points on the w-plane and the t-plane are as shown in Fig.
1(c,d,e,b).

Integrating equation (16) along the upstream floor, AUCDEF,
from O to t, one gets

t

(p+kH1:MZI b=

L) -0y

(17)

in which @=-kH, at point F, @ = -kH, and t= &, therefore

13 —
kH, —kH, =M, [ -y (18)

2 Jis (E _ t).s (y _ t).s (l—'[)‘s

Integrating equation (16) in the portion, GILMNOQB, from y to
t, the following equation was obtained

! E-t)dt

+kH, =M 19
() 2 2_[ t_5 (E _ t)S (y _ t)S(l _ t)s ( )
At point B, @ = -kH; and t= 1, therefore
! - t)dt
KH, ~kH, =M, C-Y) 20)

TEE-) -0 ey

The two constants M, and p can be detrmine from (18) and (20)
for known values of & and y .

Uplift pressures

Knowing the values of M;,, 3, 7, 8, €,€,Y,N,V, 6,0, A, 4, M, and
p, the uplift pressure can be determined at any point lying on the
upstream floor (AUCDEF) or on the downstream floor
(GJLMNOQB) by substituting the corresponding value of t in
equation (17) and (19) respectively. The coresponding location of
the desired point on the z-plane can be obtained from equation

(D).

Exit Gradient

In addition to the uplift pressure, it is also important to know the
hydraulic gadient along the intermediate filter and/or on the
downstream bed. The exit gradient at any point is given by [5]

g

| o =— 21
ok Tdt dz @)
Using (1),(16), and (21), the exit gradient was obtained as
L d&
1
5
T- t 0- t
! ( -9y -9 N

The maximum exit gradients occur at points F, G, and B, (Fig 1.a)
can be found by inserting t= §, y, and 1. respectively into (22).

Seepage flow

case 1: &E<p<y

The seepage flow which seeps into (q;) and/or drained (q,) from
the intermediate filter may be obtained from the following equa-
tions:
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o -t)at
-iqy = M2'!' e (E - t).s (y _ t)s (]_ —t)-s

(23)

o (P-t)dt
ey

(24)

case 2: &E<y<p
The seepage flow which seeps into (q;) the intermediate filter
may be obtained from the following equation:

(25)

o -t)at
-iqy = M2'!' e (E - t).s (y _ t)s (]_ —t)-s

case 3: p<€<y
The seepage flow which drained (q,) from the intermediate filter
may be obtained from the following equation:

Y E-t)dt

ig, =M 2_!.t5(E _ t).5(y —t)'s(l _t).s

(26)

Experimental verification

In order to verify the analytical solutions, some experimental re-
sults were acquired using the method of electrical analogy [7,10].
A model was formed from a sheet of electrically conductive paper
and incorporated into a Whetstone’s bridge circuit. The outer
boundary of the conductive sheet has been cut as an elliptic shape
to simulate the last stream line to minimize the errors in the ex-
perimental results due to the artificial boundaries. The model was
cut with an extra 1 cm deep strip along the upper boundaries and
this strip was coated with highly conductive silver paint to form
the equipotential boundaries. Wires were soldered directly to
these boundaries to avoid the problem of variable contact resis-
tance. Three comparative studies were made using values of
S,,/L;=0.10,0.15, 0.2 and fixed values of L/L,=2.5, S,,/L,=0.1

a)
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L,/L,=0.15,LyL,=0.25,L,/L;=0.3,d/L;=0.05, S;//L;=0.1,
and S,,/L;= 0.15. The relative thickness of upstream and down-
stream floors (T/L,) were considered 0.025. For these ratios, the
values of (H,-H;)/(H;-H,) are 0.5, 1.0, 1.5, and 2.0 respectively.
For each S, /L, value, the relative potential at the key point were
measured. The relative potential at the key points were calculated
also using the presented analytical solution. This resulted in the
pairs of relationships shown in Figure (2). Upon observing the
results in this figure one can immediately see that a good agree-
ment between experimental and theoretical results prevails. The
maximum value of the percentage error between the experimental
results and the analytical results is less than 5%.

Results

The equations derived herein have been used for computations of
uplift pressures acting on both upstream and downstream floors,
seepage discharge and exit gradients along the intermediate filter
and the downstream bed. These calculations involved the evalua-
tion of many integrals, which were computed on a digital com-
puter by numerical methods. The random search method [9 ],
with the aid of Gauss-Chebyshev formula [4 ], have been used to
find out the state variables involved in equation (1) for a physical
dimensions of the structures. The uplift pressures at key points
corresponding to these physical dimensions of the structures are
determined from Eqs 17 and 19 after determining the values of
M, and p from Eqs 18 and 20. The obtained results are used to
illustrate the effect of the change in filter length, dimensions of
the structure, and relative effective head (H,-H,)/(H;-H,) on the
seepage characteristics.

Effect of ratio of effective heads

The net uplift pressures acting under the upstream floor are sig-
nificantly decreased as the ratio of effective heads (H,-H;)/(H,;-
H,) increased, Fig (2.a).

Figure (2-b) shows that the increase in the value of ratio of effec-
tive head results in an appreciable decrease in the value of uplift
pressure acting on the down stream floor.

b)

(H2- H3)/(H1 - H2)=0.5
=1.0

=1.5
=2.0

(H-H3)/ (H2-H3)
o
(6]

024 ¢ Experimental results
014 —— Theoretical results
0.0 »

00 02 04 06 08 1.0

Distance along the subsurface contour (X/L 1)

Fig.2 Comparison between experimental and theoretical results for relative uplift pressure acting along the
subsurface contour of: a) upstream floor; b) downstream floor, S,,/L,= 0.15
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Fig. 3 Effect of filter length: H,=7; H,=3; H;=1; S,;=3; S,,=6; S3;=4; S,;=4; L,=20; L,=7; L;=15;
L,=20; d=2; and floor thickness t=1.0 all dimensions in ms

Effect of relative filter length (L/L,)

Figure (3-a) shows that net uplift pressures acting on the upstream
floor are slightly increase as the relative filter length is increased.
On the other hand, the values of net uplift pressures acting along
the downstream floor significantly decrease as the filter length is
increased. Lengthening the intermediate filter to a certain extent,
namely L/L, =1.0 in figure (3-b), results in a small reduction in
the exit gradient at point F. For longer filter length, however this
trend reverses and an appreciable increase of the exit gradient at
point F is noticed. Figure (3-b) also shows that exit gradient at
point B decreases significantly as the relative filter length is in-
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creased.

Figures (3-a,b) show that increasing the full length of the filter
(Ly) beyond five times the length of the upstream floor (L) will
have a negligible effect on the uplift pressures acting on both up-
stream and downstream floors and on the exit gradients at points
F and B. Hence, for L/L,>5.0, both structures can be treated as
a separate structure.

Effect of Downstream cutoff of the upstream structure(S,,)

A perusal of figure (4) indicates that the uplift pressure acting on
the upstream floor increases with an increase in depth of the

b)
1.75
1.5 4
— Iexit at F
<
& 1.25 4
I
T
g1
(0]
0.75 Iexit at B
0.5 T T
0.05 0.1 0.15 0.2
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Fig. 4 Effect of S,;: H,=7; Hy=3; Hy=1; S,,=4.5; S5,=4.5; S,,=7.5; L,=60; L,=9; L;=15; L,=18; d=3;
L=150 and floor thickness t=1.5 all dimensions in ms
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downstream cutoff. Exit gradient at the downstream end of the
upstream structure, point F decreases with an increase in the
depth of the downstream cutoff.

Increasing of downstream cutoff, S, has a negligible effect on
the uplift pressure acting on the upstream and downstream struc-
tures and on the exit gradient at the downstream end and on the
intermediate filter.

Conclusion:

Using the Schwarz-Christoffel transformation, an exact solution
has been obtained for the problem of seepage beneath two con-
secutive structures with intermediate filter, founded on infinite
pervious soil. The floor of the upstream structure is flat with two
end cutoffs. The downstream structure has a middle inclined
apron, upstream and downstream horizontal aprons and two end
cutoffs. Many other special cases can be handled easily within the
proposed solution.

Equations were obtained to calculate the uplift pressures acting on
both the existing barrage and the subsidiary weir, the exit gradi-
ents along both the intermediate filter and the downstream bed
and the seepage flow which seeps into and/or drained from the
intermediate filter.

The derived equations have been used to estimate the flow char-
acteristics, to illustrate the effect of relative filter length (L/L)),
ratio of effective heads (H,-H;)/(H;-H,) and downstream cut-off
(S

A computer program is designed to handle the problem and the
other special cases. The program may be used to calculate the
seepage characteristics and to study the effect of the involved pa-
rameters on such seepage characteristics.

Random search method is found to be useful in solving conformal
mapping of flow domain with several vertices.
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Appendix II. - Notations:

The following symbols are used in this paper:

d = the drop between upstream and downstream beds;

H, = head in upstream bed measured above upstream bed
level;

H, = head in filter measured above upstream bed level;

H; = head in downstream bed measured above upstream bed
level;

i = imaginary unit:

I, = exit gradient;

k = coefficient of permeability;

L, = floor length of the upstream structure;

L, = length of the upstream apron of the downstream struc-
ture;

L; = sloping projection of the middle apron of the downstream
structure;

L, = length of the tail apron of the downstream structure;

L; = intermediate filter length;

M,,M, = complex constants;

M,,B T1,0,¢¢&V,N,V,06,0,A, tand p = state variables;

N1 = complex constant;

p = stagnation point;

P = uplift pressure;

q = discharge per unit width;

Ry, ....., Rj3 =residuals;

S10> Sa0s S50, S4g = depths of front face of cutoffs;
Si1> Sa1s S315 Sy = depths of back face of cutoffs;
= complex variable;

= complex variable;

= complex variable;

= velocity potential function; and

€6 N g 7

= stream function;



