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ABSTRACT
This work focuses on the numerical simulation of the interaction between the draft tube and tailwater flow in low head hydro power plants. An approach
to the solution of incompressible free surface flow problems is developed. The flow field and the free surface location are calculated by coupling the
free surface kinematic and dynamic conditions with the equations of motion for the bulk flow. A pressure correction method is applied to the flow
calculation in a moving grid system. The RNG k-ε model is used for turbulence modelling. In order to reduce the computational time, the PVM (Parallel
Virtual Machine) subroutines are implemented.

RÉSUMÉ
Ce travail est centré sur la simulation numérique des écoulements et de l’interaction entre le diffuseur et l’aval dans les centrales hydro-éléctriques de
basse chute. Une approche de la solution des problèmes d’écoulements à surface libre est développée. Le champ de vitesse et la position de la surface
libre sont calculés en couplant les conditions cinématique et dynamique de surface libre avec les équations du mouvement moyen. On applique une
méthode de correction de pression au calcul des vitesses dans un système de grille mouvante. La turbulence est prise en compte par le modèle k-ε RNG.
Pour réduire le temps de calcul, le parallélisme est mis en œuvre avec des routines PVM.

1 Introduction

The theoretical and experimental investigations of Schneider et
al. [14], [15] as well as Toyokura et al. [17] have shown that there
is an interaction between the draft tube and tailwater flow. The
work of Kita et al. [9] has also confirmed that the combination of
the draft tube of water turbines with the open channel affects the
efficiency and output of water power plants. It becomes a particu-
larly more important problem for low head water turbines. This
problem is being solved by a numerical simulation technique.
This paper introduces a numerical scheme to compute viscous
incompressible flows with free surface in a time-accuracy man-
ner.
The numerical calculation of free surface problems in hydraulics
and other fields is difficult considering non-rectangular and un-
known geometry. The free surface must be adjusted iteratively
until the surface conditions are satisfied. Many methods are avail-
able and have been used. To represent and follow the free surface
the VOF (Volume of Fluid) method introduced by Hirt and
Nichols [8] can be used whenever the grid is stationary. However,
it is difficult both to apply the free surface boundary conditions
and track the free surface in time, since the grid lines do not rep-
resent the free surface and the free surface develops itself in many
grid lines. Another alternative, which uses a water level height
function, is adopted in this work because of its accuracy in repre-
senting the free surface. The free surface elevation is determined
using the free surface velocity in a moving grid system.
The fundamental problem in the prediction of incompressible
flows, even flows without the complication of a free surface, is

the determination of the static pressure. Because the density is
constant, a time-independent constraint must be imposed to cou-
ple changes of the velocity field with the pressure field while sat-
isfying the continuity equation. One possibility is the artificial
compressibility method proposed by Chorin [3]. The basic idea
is to introduce an artificial compressibility term which may be
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introducing a dual time stepping the artificial compressibility
method has been successfully applied in unsteady inviscid free
surface flow problems, see [19], [20]. If an upwind-differencing
scheme as for computing compressible flows is used, a slower
convergence is to be expected for finer grids, see Merkle &
Athavale [11] and Rogers & Kwak [13]. This implies that the
method is not suitable to the solution of the Navier-Stokes equa-
tions.
Another traditional but more efficient approach to coupling the
velocity and the pressure field is the so-called pressure correction
method, see Caretto et al. [1] and Patankar & Spalding [12]. In
this paper the well known SIMPLE-algorithm is modified to
solve the three-dimensional Navier-Stokes equations on moving
grid configurations. In order to avoid artificial mass sources, a
space conservation law is employed to ensure a fully conservative
computational procedure. The RNG k-ε model is used for the tur-
bulence modelling and the fully implicit temporal differencing
provides stability for any time step.
To calibrate the method, some test problems are recalculated. The
computed results for a NACA0012 airfoil in pitching motion are
found to be in good agreement with analytical solutions and ex-
perimental data. The results of a wave channel with a wavemaker
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show that the modified SIMPLE formulation is suitable for the
calculation of unsteady free surface flow problems. Finally, the
proposed method is applied to the simulation of the flow interac-
tion between a simplified arrangement of draft tube and tailwater.
In order to reduce the computational time the same code runs sep-
arately on two CPUs by communicating the data via PVM librar-
ies.

2 Governing equations

The integral form of the conservation law for mass and momen-
tum is used to describe a flow in moving coordinates. For an arbi-
trarily shaped domain of volume V bounded by a closed surface
A, the continuity and momentum equations are written as follows,
see [6]:

and

In equations (1) and (2) ρ represents the fluid density, the fluidc
velocity and the net velocity, respectively. In the equation (2),w
the pressure variable ψ is the static pressure p plus the hydrostatic
component ρgz:

The shear stress is defined by

where µ is the dynamic viscosity.
In the calculation, all coordinates and velocities are non-
dimensionalized by reference length zref and velocity uref. The
pressure variables are non-dimensionalized by . Thus the2

refuρ
non-dimensional pressure variable ψ may be expressed as fol-
lows, see Farmer et al. [5]:

where the Froude number Fr is defined by

The calculations are performed on moving grid configurations. In
order to avoid artificial mass sources due to the net velocity, as
proposed by Demirdzic and Peric [4], a space conservation law

is introduced to ensure a fully conservative computational proce-
dure.

3 Numerical solution

The numerical procedure is based on a finite volume method for
the flow variables (u, v, w, p and k, ε) and a finite difference
method for the free surface evolution variable (h). The solutions
are coupled by first computing the flow under the free surface at
each pseudotime step (outer iteration), and then using the free
surface velocities to calculate the movement of the free surface.
After the free surface elevation is updated, its new values are used
as a boundary condition for the pressure on the bulk flow for the
next iteration. The entire iterative process is repeated until a pre-
scribed convergence criterion is reached.

3.1 Bulk flow solution

A fully implicit temporal differencing makes the method stable
for any time step. Applying the finite volume approach, the
discretization of the convection and diffusion fluxes is carried out
in a co-located variable arrangement. The momentum equation in
the i-direction can be written in the following discrete form:

where Fc and Fd are the convective and diffusive fluxes on the
surfaces of the control volumes. The convective flux Fc is calcu-
lated by applying the mass flux, which uses the net velocity, see
[21].
For the computation of mass fluxes through the surfaces of a con-
trol volume, the values of the velocity components at the surface
centers have to be determined. To avoid oscillations which may
result from simple linear interpolation, a “Deferred Correction”
scheme first proposed by Khosla and Rubin [10] is implemented,
see Ferziger and Peric [6]:

In this equation cL stands for an interpolation of a lower order
scheme (e.g. “upwind”) and cH a higher order approximation. The
term in the brackets with superscript “s” is calculated “explicitly”
from values of a previous iteration. Multiplying the term in the
brackets by the blending factor β controls the “explicit” and im-
plicit contributions. The use of this “Deferred Correction” scheme
damps oscillations and improves the diagonal dominance of the
coefficient matrix. In this way, the stability of the algorithm can
be enhanced while maintaining sufficient accuracy.
The coupling of the pressure and the velocity is performed via the
SIMPLE algorithm given in [1], [12]. The continuity equation is
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transformed into a pressure correction equation which has the
same general form as the discretized momentum equations. The
use of the co-located variable arrangement on non-orthogonal
grids demands the SIMPLE algorithm be slightly modified. Here,
a pressure-velocity coupling method for complex geometries used
by Ferziger and Peric [6] is implemented, where an additional
pressure gradient term is subtracted from the velocity value at the
surface of control volume. On the other hand, the space conserva-
tion law (Eq. 4) is enforced in the pressure correction equation for
moving grids to ensure the conservation of mass, see [21]. The
transport equations of the turbulence modelling for k and ε are
discretized similar to the momentum equations:

where Γk, Γε and ρk are as follows

For the computations the RNG variant of the k-ε turbulence
model is used. The empirical constants of this non-linear model
proposed by Yakhot et al. [18] are given in Table 1, where the
coefficient η depending on the stresses is defined as

with

Table 1 Empirical constants of the non-linear RNG k-ε turbulence model

cµ σk σε cε1 cε2

0.085 0.7179 0.7179 1.68

The coefficient η0 is set equal to 4.38, so that for β= 0.12 the von
Karman constant is equal to 0.4.
In order to reduce the computational time, the PVM (Parallel Vir-
tual Machine) libraries are implemented. The calculation of the
draft tube and tailwater flow can be carried out in parallel on two
computers, each using the same code and communicating the data
of the inner boundary between the draft tube and tailwater via
PVM interface.

3.2 Free surface solution

Both a dynamic and kinematic boundary condition are imposed
at the free surface. The dynamic condition states that the static
pressure acting on the free surface is constant:

Since the free surface location is defined by

the dynamic condition on the free surface can be expressed in
dimensionless form as follows, see equations (5) and (17):

The kinematic condition is derived from equation (18):

The kinematic condition states that the free surface is a material
surface, i.e. once a fluid particle is on the free surface, it remains
on the surface forever. This kinematic equation is used for calcu-
lating the free surface development.
The calculations are performed in moving grid systems. In a mov-
ing grid system, this formulation can be expressed as

where xτ and yτ are the components of net velocity. So as the solu-
tion for the bulk flow under the free surface, a three time level
scheme is applied to the calculation for the free surface:

Throughout the interior of the (x,y) plane, the derivatives hx and
hy are computed using the second-order central difference stencil
in computational coordinates ξ andη. To prevent oscillatory solu-
tions dissipative terms are introduced in the right hand side of
equation (21):
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Fig. 1 Mesh of the NACA0012 Airfoil in Pitching Motion.

On the boundary of the (x,y) plane, the free surface location is
extrapolated from the interior area.

4 Boundary conditions

The solution of the Navier-Stokes equations necessitates appro-
priate boundary conditions to make the resulting system of alge-
braic equations solvable. In this paper velocity profiles are as-
sumed at the inflow and the static pressure is specified at the out-
flow, while other components are extrapolated normally by as-
suming zero gradient. On the wall, the boundary conditions of
impermeability and no-slip are defined for the velocity, and the
normal gradient of pressure is assumed to be zero.
For the turbulence modelling, k is usually assumed to be small at
the inlet, say in this study. The value of ε at the inlet6×10-4× 2

inu
is evaluated from

where L is the length scale. At the exit, the values of k and ε are
evaluated by extrapolating from the interior nodal values. The law
of the wall is applied in near-wall regions. In the viscous sub-
layer, the logarithmic profile no longer holds. As in TASCflow
[16] a three layer form is used:

where n+ = nuτ /ν, u+ = ut/uτ. uτ is the friction velocity constructed
from the wall stress in the standard manner: isρτ t/wall u=τu .

the velocity component tangential to the wall and n the distance
from the wall, ν is the kinematic viscosity. These functions are
used to establish boundary conditions for k and ε at the first grid
points away from the wall as well as for the wall shear stress τwall

which is used for integrating the momentum equations. The em-
pirical constants d1,2,3,4 are determined such that three equations
yield a continuous development of u+(n+) in the range 0<n+<500,
see [16]. They are listed in Table 2.

Table 2: Empirical constants of the wall functions

κ C d1 d2 d3 d4

0.41 5.2 6.43×10-4 -5.21×10-2 1.47 -1.14

5 Validation of the numerical procedure / developed CFD-
codes

Both incompressible viscous unsteady flow problems with and
without free surfaces are considered in order to assess the accu-
racy and efficiency of the developed numerical procedures.

5.1 Flow over a NACA0012 airfoil

The flow over a NACA0012 airfoil with a semichord b = 0.5 m
is considered. A uniform free stream with a velocity u = 1 m/s is
impinging on the airfoil which is pitching about an axis located
at 37 percent chord with a reduced frequency kc = ωb /u = 0.4,
where ω is the angular frequency of the forced motion of the air-
foil. The amplitude of the motion is chosen to be 6.74 degrees.
The analytical solutions and experimental results have been re-
ported by Halfman [7]. An O-mesh with 81×20×11 points is used
in the calculation. The inner part of the O-mesh shown in Figure
1 is pitching together with the airfoil. A plot of the lift coefficient
versus the angle of attack computed during the third pitching cy-
cle using the developed procedures for the Navier-Stokes solution
in this study is presented in Figure 2. The Euler solution is ob-
tained using a modified artificial compressibility method pro-
posed in [20], [21].

5.2 Wave channel

An unsteady free surface problem in a wave channel is performed
with 179×11×11 moving grids. This wave problem has been ex-
perimentally investigated by Chapalain [2] in a 35.54 m long and
40 cm deep tank with a piston-type wavemaker which sinusoi-
dally oscillates with 7.8 cm amplitude and 2.5 s period, see Figure
3. Figure 4 and Figure 5 show the comparison between the exper-
imental and the computed wave profiles at four different x loca-
tions as a function of time.

6 Simulation of the interaction between the draft tube and
tailwater flow

According to the theoretical and experimental investigations of
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Fig. 2 Lift coefficients of the NACA0012 Airfoil in Pitching Motion.
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Fig. 3 Schema of Chapalain’s test case [2].

Fig. 4 Measured wave profiles at 4 x-positions, from Chapalain [2].

Fig. 5 Computed wave profiles at 4 x-positions.

Schneider et al. [14], [15] and Toyokura et al. [17] there exists a
significant interaction of the draft tube and tailwater flow. To ver-
ify the developed code, a test case of Toyokura et al. [17] is con-
sidered.
The experimental model of the open channel is shown in Figure
6. The water was supplied by a pump. The water through the hon-
eycomb located at the draft tube inlet flows out into the open
channel. A square duct, which has a side length “a”, is used as the
draft tube, and its dimension is changed into 2 types (a=105, 108
mm). The bottom plate of the draft tube is accorded with the bot-
tom height of the open channel. The side walls of the open chan-
nel may be moved to change the width “b”. The water level in

sH
the open channel may be adjusted by a movable weir plate set in
the downstream. The measurement device which makes use of the
water conductivity was used for measuring the height of the free
surface.
As a test example, a draft tube and tailwater flow with uin= 1 m/s
is calculated for the geometry of b/a=2.0, a=188mm and =2.0.

sH
The velocity distributions on the vertical plane A-A in the pas-
sage center and the horizontal plane C-C at the draft tube middle
height are shown in Figures 7-9. In the figures, the water flowing
out from the draft tube diffuses gradually as a jet flow, and the
large reverse flow region can be observed at the upside of the jet
flow. On the other hand, the jet flow reaches rapidly the side
walls because the open channel width is not wide.

The water level measured by Toyokura et al. [17] is given by the
marks “ ” in Figure 8. It shows that the computed water level
coincides with the measured data fairly well. Owing to the diffu-
sion of the jet flow, the water level in the open channel increases
gradually in accordance with the decrease of velocity head. This
means, the expanding jet downstream the draft tube exit can be
considered as an extended diffuser. The continued deceleration of
the flow results in a depression of the water level at the draft tube
exit, thus increasing the net head.
To study the influences of the tailwater parameters, turbine dis-
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Fig. 6 Experimental set-up of Toyokura [15].

Fig. 7 Flow patterns and water level for b/a = 2.0, = 2.0, by
sH

Toyokura et al. [17].

Fig. 8 Computed velocity distributions in the vertical plane in the cen-
ter of the open channel.

Fig. 9 Computed velocity distributions in the horizontal plane at the
middle height of the draft tube.

charge and swirl of the draft tube on the increment of the net head
in the tailwater, several numerical simulations are carried out for
geometries corresponding the experimental test of Toyokura et al.
[17].

6.1 Influence of the tailwater geometry

According to Schneider [14] the maximum values of the net head
increment ∆htw are expected at the tailwater area ratio ARtw 2,
which represents the relation of the area of the tailwater down-
stream to the area of the draft tube exit. In order to confirm this
finding numerically, several calculations for different geometries
of tailwater flow are carried out, namely for the case of b/a = 1.0
with /a 1.1, /a 1.3 and /a 1.5 as well as for the case

sH sH sH
of b/a = 2.0 with /a 1.3, /a 2.0, see Table 3.

sH sH

Table 3: Water level rises for different tailwater geometries

a (mm) b/a /a
sH ARtw ∆htw(mm)

105 1 1.1 1.3 19.23

105 1 1.3 1.5 20.50

105 1 1.5 1.7 21.48

188 2 1.3 2.8 23.09

188 2 2.0 4.3 13.61

The velocity distribution at the draft tube inlet is assumed to be
uniform with uin= 1 m/s. Table 3 shows the water level differ-
ences ∆htw between the last and first mesh nodes of the tailwater.
A significant influence of the tailwater geometry on the water
level rise ∆htw can be observed. The water level rise ∆htw grows
in accordance with the increment of the water level at the draft

sH
tube exit in the case of ARtw 2; whereas in the case of ARtw 2, a
larger water level rise ∆htw is expected for the smaller water level

. It appears reasonable to reduce the submersion of the turbine
sH

to recover the corresponding velocity head in the tailwater flow,
since usually the area ratio ARtw in the water power plants is
larger than 2.
The calculations also show that the smaller is, the shorter is

sH
the distance downstream the draft tube exit to reach the maximum
water level and the steeper is the gradient of the water level rise,
see [21].

6.2 Influence of the turbine discharge Q

In water power plants, the discharge of the turbine changes at
different operating conditions. To confirm the influence of the
unit discharge on the head recovery in the tailwater, three condi-
tions for different values of the inlet velocity uin are performed
for the geometry setting b/a = 2, a=188mm and /a = 2. The

sH
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Fig. 10 Assumed distribution of the velocity com-
ponents normal to the main flow at the
draft tube inlet.

flow conditions and the results are given in Table 4. It shows that
the water level rise ∆htw indicating the head recovery in the
tailwater increases, if the inlet flow velocity uin becomes bigger.
This means that the head recovery becomes more important at
operating points Q Qopt.

Table 4: Water level rises for different inlet velocities

uin (m/s) ∆htw (mm)
only tailwater

∆htw (mm)
with draft tube

Deviation (%)

0.9 10.88 11.13 2.2

1.0 13.42 13.61 1.4

1.1 16.15 16.26 0.7

In each case the tailwater flow calculations are carried out with
and without considering the draft tube flow. Table 4 also shows
the deviation of the decoupled computations from the coupled
ones. This deviation increases due to the non-uniform velocity
distribution at the interface between the draft tube and tailwater.
In a real water power plant a larger deviation may be expected.
This deviation indicates that a decoupled solution is not suitable
to the optimization of the tailwater flow in the water power
plants.

6.3 Influence of the draft tube swirl

In accordance with the results presented by Schneider [14], the
swirl and the radial velocity components at the draft tube exit tend
to expand the emerging jet. In order to check the effect of the
draft tube swirl, in other words the cross velocity, on the head
recovery, a calculation is carried out for the geometry used above.
Here a distribution of the velocity components normal to the main
flow at the draft tube inlet with νin,max = 0.1 m/s is assumed in-
stead of the swirl flow components, see Figure 10. Table 5 shows
the influence of the normal velocity components on the water
level rise ∆htw.

Table 5: Influence of the normal velocity components

uin (m/s) νin,max (m/s) ∆htw (mm)

1.0 0.0 13.61

1.0 0.1 13.81

The balance of the water level rise ∆htw in the tailwater and the
waste energy loss ∆hloss at the inlet of draft tube, or in other
words, at the runner exit, can be performed as

= 0.17 mm,
∫∫

∫∫∫∫ −+
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udA
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This analysis reveals a positive effect of the swirl on the head

recovery. This result agrees qualitatively with the findings of
Schneider [14], [15]. A more correct and reliable prediction of the
energy losses in the draft tube and the water level rise in the
tailwater is still a problem since the turbulence modelling for
swirling flows is not accurate enough.

7 Conclusion

An approach using pressure correction based on the finite volume
method has been proposed for the solution of incompressible free
surface flow problems. The k-ε model is applied for the turbu-
lence modelling. The flow field is solved by coupling the free
surface kinematic and dynamic conditions.
The proposed method has been applied to the predication of the
interaction between the draft tube and tailwater flow. Numerical
simulations show that the jet downstream the draft tube acts as an
extended diffuser with a free surface, thus decreasing the water
level at the turbine exit. The energy in the tailwater flow is par-
tially recoverable. Larger values of head recovery are expected by
smaller submergence of turbine. The draft tube swirl to some ex-
tent affects the head recovery in the tailwater positively.
The presented method appears to be suitable for the simulation of
the interaction between the draft tube and tailwater flow. The
method bases on the time marching technique, therefore it also
can be used directly to simulate unsteady flow effects, see [21].
A better prediction of the flow field could be obtained by improv-
ing the turbulence model as well as the treatment of the interac-
tion between the turbulent flow and the free surface in the
tailwater.
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Notations

a width and height of draft tube
A surface of control volume
ARtw tailwater area ratio
b width of tailwater; semichord of NACA0012 airfoil
c velocity
cε,cε1,cε2 constants of turbulence model
cH interpolation of a higher order
cL interpolation of a lower order
C constant of the law of the wall
d1,d2,d3,d4 constants of the wall functions
Fc convective flux
Fd diffusive flux
Fr Froude number
g acceleration of gravity
h water level height
hx, hy derivatives of free surface
hτ net velocity on free surface
H dimensionless water level height

water level at draft tube exit
sH

unit vector of coordinatesi

k turbulence kinetic energy
kc reduced frequency
L length scale for turbulence modelling
n vertical distance from the wall

unit vector of cell facen

n+ nuτ / ν
p static pressure
P dimensionless static pressure
Pair dimensionless atmospheric pressure
Pk turbulence production
Q volume discharge
t time
T dimensionless time
u, v, w velocity components
ut velocity component tangential to the wall
uτ shear velocity
u+ ut / uτ
u velocity in far field
uref reference velocity
V volume
w net velocity
x, y, z coordinates
xτ,yτ net velocity components
X, Y, Z dimensionless coordinates
zref reference length
∆h water level rise
β artificial speed of sound; blending factor; constant

for turbulence modelling
η coefficient depending on stress
η0 coefficient for turbulence modelling
ε turbulence dissipation rate

τ shear stress; time
ν kinematic viscosity
µ dynamic viscosity
ρ density
σk, σε constants of turbulence model
κ von Karmen constant
ω angular frequency
ψ pressure variable
Ψ dimensionless pressure variable
Γk, Γε diffusion coefficients of turbulence model

Subscripts

i, j indices indicating directions: i, j = 1, 2, 3
in inflow
l laminar component
t turbulent component
tw tailwater

Superscripts

n index of time level
s index of pseudotime level, i.e. outer iteration
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