Large eddy simulation of dispersion in free surface shear flow
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ABSTRACT

Wastewater and waste heat are frequently discharged into ambient water and affect the water quality there. An accurate evaluation of the turbulent
mixing and dispersion processes is one of the key factors for assessing the environmental impact of these discharges. To achieve this objective a three-
dimensional numerical model incorporating the method of Large Eddy Simulation has been developed. In this method the large scale turbulence is
computed explicitly and the subgrid scale turbulence is modelled. The empiricism incurred for the specification of the dispersion and turbulent mixing
coefficients is thus reduced to minimal. The governing equations are split into three parts in the finite difference solution: advection, dispersion and
propagation. The advection part is solved by a characteristics-based scheme. The dispersion part is solved by the central difference method and the
propagation part is solved implicitly by using the Gauss-Seidel iteration method. The model has been applied to simulate a continuous line source in
free surface shear flow. The computed results demonstrate the existence of the non-Fickian diffusion and dispersion region close to the source. Further
downstream the transverse diffusion process obeys Fick’s Law and the transverse diffusion coefficient is in agreement with the empirical value
measured in laboratory. The initial non-Fickian diffusion and dispersion region is further analysed based the coherence of the velocity data. The
dispersion coefficient is found to follow the Okubo’s 4/3 power law, but with a much larger coefficient owing to the shear effect.

RESUME

Les eaux usées et les chaleurs résiduelles sont souvent rejetées dans 1’eau ambiante et y affectent sa qualité. Une évaluation précise des processus de
mélange turbulent et de dispersion est un des facteurs clés pour I’estimation de 1’impact de ces décharges sur I’environnement. Pour ce faire, un modele
numérique tridimensionnel a été développé avec la méthode de simulation des grandes échelles. Dans cette méthode, on calcule explicitement les grands
tourbillons et la turbulence de sous-maille est modélisée. L’empirisme lié a la spécification des coefficients de dispersion et de mélange turbulent est
donc réduit au minimum. Dans la solution en différences finies, les équations sont décomposées en trois parties : convection, dispersion et propagation.
La partie convective est résolue par un schéma basé sur les caractéristiques. La partie diffusive est résolue avec la méthode des différences centrées,
et la partie propagation est résolue implicitement en utilisant la méthode itérative de Gauss-Seidel. Le modele a été appliqué a la simulation d’une ligne
source continue dans un écoulement cisaillé a surface libre. Les résultats calculés démontrent I’existence de la région de dispersion et de diffusion non
Fickiennes au voisinage de la source. Plus loin en aval le processus de diffusion transversale obéit a la loi de Fick, et le coefficient de diffusion
transversale est en accord avec la valeur empirique mesurée en laboratoire. La région de diffusion et dispersion initiales non Fickiennes est analysée
plus avant sur la base de la cohérence des données de vitesse. On trouve que le coefficient de dispersion suit la loi en puissance 4/3 d’Okubo, mais avec
un coefficient beaucoup plus grand di a I’effet de cisaillement.
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Introduction

Ambient waters are frequently used to receive municipal and in-
dustrial wastewater, as well as to provide cooling water for the
dilution of waste heat discharged from power plants and other
industries. An accurate evaluation of the turbulent mixing process
is one of the key factors for assessing the environmental impact
of these discharges. In coastal waters where the flow can be con-
sidered unbounded, the rigorous relation between the large scale
turbulent eddy viscosity or dispersion and the flow condition is
difficult to obtain. Field works were done to determine the disper-
sion coefficient in ocean and coastal waters (e.g. Okubo, 1975,
List et al, 1990). The results displayed a 4/3 power relationship
between the dispersion coefficient and the marked cloud size.
However, the measured data are quite scattered and the uncer-
tainty is large. When the cloud size reaches a scale which is sev-
eral times greater than the length scale of the bounded water
body, the dispersion coefficient becomes constant (e.g. Fischer et
al., 1979). Itis difficult to determine the transition from the initial
regime in which the diffusion process obeys the Okubo 4/3 power
law to the final regime in which the diffusion coefficient is con-
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stant. To reduce the degree of empiricism in the specification of
the dispersion coefficient, the large scale turbulent motion and the
associated scalar transport is better to be computed explicitly.
This can be achieved by using the technique of Large Eddy Simu-
lation (LES).

LES is by definition three-dimensional. In simulating complex
flow phenomena, the specification of boundary and initial condi-
tions needs special attention. The treatment of free surface bound-
ary condition is difficult, and free surface flow problems are rela-
tively seldom tackled by the method of LES. In free-surface shal-
low water flow, one approach is to use the rigid-lid assumption
(Thomas and Williams, 1995). Another approach is to account for
the variation of the free water surface by vertically integrating the
continuity equation, and relate the variation of the free water sur-
face to the pressure gradient through the hydrostatic pressure as-
sumption (Babajimopoulos and Bedford, 1980).

In the present work, a LES model developed for the simulation of
free surface shallow water flow (Li & Wang, 2000) will be ex-
tended to include the simulation of scalar transport. An operator
splitting method is used so that different numerical schemes can
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be used to approximate different physical processes (e.g. Li &
Yu, 1996). The governing equations are split into three parts in
the solution: advection, dispersion and propagation. In the
advection part the advective accelerations are approximated by
the four-node minimax-characteristics scheme (Li, 1990). In the
dispersion step the sub-grid scale terms are solved by central dif-
ference and the third order Leonard terms are solved by third or-
der difference. In the propagation step the surface elevation (pres-
sure) is obtained from the solution of the Poisson type equation.
The model will be tested against the results derived from labora-
tory and field measurements.

Governing equations

Flow equations

The Navier-Stokes equations for fluid motion are spatially filtered
to separate the resolved or large scale field from the subgrid scale
field. Denoting the velocity field by a Cartesian vector U, the
pressure by P, the kinematic viscosity by v, the space vector by
x; time by t, and the filtering process by an overbar, the govern-
ing equations gives
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The nonlinear adective term is written as
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The first term represents the large scale components and is de-
composed by a Taylor series expansion of the filter convolved
with the product.
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The cross product terms are subsumed into the subgrid scale com-
ponents and their summation is denoted by R
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The SGS stress is decomposed into the sum of a trace-free tensor
and a diagonal tensor which is absorbed into the pressure term.
The trace-free tensor is usually closed by the Smagorinsky eddy
viscosity model (Smagorinsky, 1963)
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where L is the turbulence characteristic length scale and is modi-
fied by the van Driest damping (1956) to account for the effects
of solid wall boundaries.

By assuming hydrostatic pressure and neglecting the effects of
wind and Coriolis force, the filtered equations of motions are:
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The continuity equation is
a0

—=0 (1)
ox,

The variation of free surface is obtained from the hydrostatic
pressure equation and the continuity equation:
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where 1(x, X,) = surface elevation. The surface elevation is re-
lated to the pressure at x;=0, P;=P(x,, X,, 0) by
9 e M

= 13
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Scalar transport equation

Denoting the scalar concentration by C, the molecular diffusion
coefficient by D, the filtered mass conservation of a scalar is
given by
oC , ACU) _p o€
at ox; ox;0x;

(14)

The advective term can be rewritten as

CU, =(C+c)U, +u)= CU +Cu +cU,+c'u, —CU +o, (15

The residual scalar flux Q; is modelled analogously by
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where o is the scalar diffusion coefficient and Pr, is the turbulent
Prandtl number. The value of Pr, is chosen to be 0.5 which is the
optimal value found by Eidson (1985). The final form of the
equation is given by

oc, s d aC
S =0 oas
=5 [CU + az(C )] aj[(DmT)aij (18)

Solution method

The split-operator approach is used in the solution of the govern-
ing equations. At each time step, the equations are split into three
steps: Advection, Diffusion and Propagation terms. The equations
for the Advection step are:
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The minimax-characteristics scheme (Li, 1990) is used to solve
the equations of pure advection. This scheme has been found to
be more accurate than the Lax-Wendroff scheme in terms of
phase accuracy but requires approximately the same computa-
tional effort. The use of accurate advection scheme can reduce the
numerical error for short waves, as well as that at the region of
sharp velocity gradient, such as the separation zone. The equa-
tions for the diffusion step are:
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In the diffusion step, the simple four-node centred space scheme
is used for the second order diffusion terms and a third order dif-
ference scheme is used for the Leonard terms (the last terms on
the right hand side of the above equation). The equations for the
Propagation Step are:
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Equations (23)-(24) are solved implicitly. The three equations are
decoupled through two procedures: First, the unknown flow rates
at time step n+1 are eliminated by differentiating equations (23)
with respect to x (x;) and y (X,); Second, the resulting Poisson
type equation with essential boundary condition is solved by us-
ing the Gauss-Seidel iteration method. Finally the vertical veloc-
ity Us is computed from the continuity equation.

oUu, dU
U =||=— 2 |d. (25)
’ I[8x1+8x2)x3

Periodic boundary condition (PBC) is predominately used at the
inflow boundary for its easiness of implementation (Deardorff,
1970). This type of boundary condition is appropriate for the
present case in which the inflow condition and the outflow condi-
tion are identical. At outflow boundary the water depth and veloc-
ities are determined from a radiation boundary condition. At solid
wall boundary, no-slip boundary condition is used and the wall
function technique is applied. At the water surface, the surface
shear stresses are set to zero. At the bottom, the magnitudes of the
bottom shear stresses are specified by the Manning equation.

The initial condition consists of a mean velocity and depth field,
as well as a turbulence field. The vertical variation of the filtered
longitudinal velocity is specified as a logarithmic profile with a
Manning coefficient n. The transverse filtered velocities, are as-
sumed equal to zero and the water depth is computed based on
force balance. The turbulence quantities are imposed to the mean
velocity field and are generated by a random number generator.

Dispersion simulation

Scalar transport in free surface uniform shear flow is used as the
test case for assessing the performance of the model. The reason
is that there are ample experiments being carried out and the re-
sults are consistent and conclusive. The major source of turbu-
lence in this situation is from the shear stress at the bottom. The
dimensions of the computational domain is 6.4mx0.8mx0.4m.
The grid system consists of 161 grid points in the streamwise di-
rection, 41 grid points in the transverse direction and 21 grid
points in the vertical direction. The mean velocity is 0.5m/s and
the Reynolds number based on the depth and the mean velocity
is Re=2x10°. A continuous vertical line source is introduced at
the middle of the channel. The method of introduction is that at
each time step, a fixed amount of scalar quantity is added to the
channel.

The large scale temporal variation of the velocity at a typical
point is shown in Fig. 1. The turbulence statistics are collected for
the last ten turnover periods. Fig. 2 displays the mean vertical
velocity profile at the centre of the computational domain. The
agreement between the computed results and the measured results
(Nezu and Nakagawa, 1993) is satisfactory. Figs. 3a-d show the
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Fig. 1 Temporal variation of velocity variation at a typical point.
distributions of the root mean square (RMS) velocity fluctuations 1
(u',v',w"), and the turbulence kinetic energy (k). The quantities
are made non-dimensional by division with the shear velocity u* - computed
or square of u*, where u*= \/‘CTp and T, is the bottom shear 0.8 < measured
stress. As these quantities are of second order magnitude, the
agreement in the results can be considered satisfactory.
The continuous line source is introduced after 100s, when the 08 N
dynamic steady state of the flow field has been already reached. % \
The time variation of the centreline concentration profile is shown 04
in Fig. 4. The dynamic steady state of the concentration field is
achieved after about 110s. The large scale turbulent fluctuation of
the scalar concentration is clearly observed. Temporal mean value 02
of the concentration is obtained by averaging the results for a pe- K
riod of 20s after dynamic steady state is attained, and is shown in \
Fig. 5. Also the analytical solution for two-dimensional turbulent o
diffusion of a continuous line source in uniform flow is displayed. 0 ! 2 3 4
In the analysis by Elder (1959), a force balance shows that there k/utiu®
is a parabolic distribution of the vertical mixing coefficient for 3a
momentum. Using the ‘Reynolds analogy’ the average vertical 1
mixing coefficient is given by
(26) 0.8
e, =0.067u*H \ \
where H=water depth. In the transverse direction, the turbulent 0.6 \
diffusion coefficient is expected to have the same order as the T
vertical diffusion coefficient. However, the width of the channel N
and thus the transverse velocity profile have a certain effect on 0.4 \ ‘
1 0z H = computed \ }
0.9 “ measured
08 —1— computed ¢ Log Law1 /' 0
07 s 0 05 1 1.5 2 25
0.6 I u'fu*
< os , 3b
" /
0.4 " the diffusion coefficient. No analytical solution exists and experi-
03 Vi ments are required. Fischer (1979) reported that there were about
/ 75 experiments done by several investigators (e.g. Elder, 1959,
0.2 // - Sullivan, 1968, Okoye, 1970). For smooth channels the experi-
0.1 17 mental results gave
0
05 06 07 08 09 1 & _01-02 (27
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Fig. 2 Mean vertical velocity profile.
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Fig. 3 Vertical profiles of turbulence quantities: a) k, b) u’;
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In the present LES computations, the transverse turbulence coef-
ficient inferred is 0.1u*H, which is the lower bound of the experi-
mental values. It seems that the effect of lateral width on turbu-
lence is not fully accounted for in the present LES model. The
disagreement of the two results at the region close to the source
indicates that the diffusion is non-Fickian there. It is also partly
due to that a distributed source is employed in the computer simu-
lation while a point source is used in the analytical solution. Also
the longitudinal dispersion effect is neglected in the analytical
solution.

The root mean squares concentration fluctuations roughly equal
to 25% of the mean values. The time-averaged computed cross-
sectional profile compares favourably with the analytical profile
(Fig. 6) and the turbulent scalar flux of the scale concentration in
the transverse direction is also in satisfactorily agreement with the
analytical solution (Fig. 7). The turbulent scalar flux is obtained
by adding the large scale part which is computed explicitly and
the subgrid scale part which is modelled by equation (16).
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Fig. 4 Temporal variation of centreline concentration.

Non-fickian dispersion

In the above simulation the initial cloud size occupies several
grids to avoid numerical difficulties and to reduce numerical er-
ror. This means that the initial mixing region in which the diffu-
sion is non-Fickian is too coarse to be reproduced. To resolve the
problem, a much finer grid can be used but this is computatio-
nally expensive for the present case. An alternative approach is to
derive the diffusion coefficient based on the coherence of velocity
data. For Lagrangian particle dispersion, Batchelor (1952)
showed that

2 T
K, = %aa% - _([u’(t)u’(t T+t (28)

where o, is the variance of a marked cloud of fluid in x-direction,
u’ is the relative velocity between particles and the average is
taken over a sufficiently large number of particles. Winant (1983)
demonstrated that this equation is also valid for Eulerian statistics
and performed the analysis from paired current meter data. In
Eulerian framework, the above equation is modified to
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Fig. 5 Time averaged centreline concentration.
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Fig. 6 Temporal mean concentration profile at a cross-section.
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0

where du is the difference in velocities at two points. In evaluat-
ing the dispersion coefficient, ensemble average is performed by
using over 400 data pairs. The typical temporal variation of the
ensemble average velocity difference between two points are
shown in Figures 8 & 9. The computed dispersion coefficient
against the distance of separation between the points (/) are
shown in Figure 10.

The best line-of-fit of Okubo’s (1975) data is included for com-
parison. Okubo’s data are mainly obtained from the experimental
measurement of surface float dispersion in ocean. It is believed
that the effect of shear due to bottom friction is not very signifi-
cant. On the contrary, List et al (1990) carried out float dispersion
experiments in coastal areas in which the bottom shear effect is
significant. They reported that the field measured dispersion coef-
ficient is two order of magnitude greater than that obtained by
Okubo (Figure 11). The bottom shear causes velocity deviation
across a cloud, which in turn causes shearing of the cloud, and
finally increases the spreading of the cloud. A dimensionally cor-
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Fig. 7 Temporal mean turbulent scalar flux profile in transverse direc-

tion (\z’)
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rect representation of the dispersion coefficient in this intermedi-
ate zone is given by Fischer et al. (1979)

z X

2/3
KX - (%j 81/364/3 (30)

where U/H represents the velocity shear effect, €, is the turbulent
diffusion coefficient in the transverse direction.

The 4/3 power relationship is approximately reproduced by LES
in the initial regime which has the scale of the order of the water
depth. Also, U=0.5m/s, and H=0.4m, hence U/H~1. The above
relation thus has been confirmed by the present computations as
shown in Figure 10. For List’s data, U~0.2m/s, H~20m. Assume
u*~0.05U, the above equation also fits quite well the data (Figure
11).

Beyond the initial non-Fickian dispersion regime the dispersion
coefficient gradually becomes constant. In the longitudinal direc-
tion, the dispersion coefficient is of the same order as that ob-
tained analytically in ideal channel flow (6u*H, Elder, 1959). The
dispersion coefficient obtained by Elder (1959) is valid when the
cloud already fills the depth and the vertical variation of concen-
tration is small, i.e. well mixed over the depth. The dispersion
coefficient can then be represented by a triple integral of the fol-
lowing form.

K, = -lTu”jlju”dZdzdz (31)
; Hy vens

In the present work, the dispersion coefficient is obtained from
velocity correlation. This approach does not account explicitly for
the effect of velocity variation over depth, and is appropriate only
for the initial or intermediate zone of the dispersion process. Con-
sequently the computed value is smaller than that obtained from
Elder’s analysis.

In the transverse direction, the diffusion coefficient is of the same
order as that obtained experimentally in ideal channel flow
(0.15u*H, Fischer et al., 1979). However, there is some differ-
ence in the derived transverse turbulent diffusion coefficients in
the Fickian region obtained by continuous source simulation and
the coherence analysis of the velocity data. The difference is
probably due to the different methods used in deriving the results.

Conclusions

A LES model has been developed and applied to study scalar
transport in free-surface shear flow. The model is robust in that
the large scale dispersion process is computed explicitly and
hence the ad hoc specification of the dispersion coefficient is not
required. It can give rich results including time dependent turbu-
lent flow field and concentration field. The simulation results for
the case of a continuous line source in shear flow compare
favourably with the analytical solution. The derived transverse
turbulent diffusivity is close to the average value measured in
laboratory. The initial non-Fickian diffusion and dispersion re-
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Fig. 8 Temporal variation of the ensemble average velocity difference between two points with separation 4cm

in the longitudinal direction (Su).
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Fig. 9 Temporal variation of the ensemble average velocity difference between two points with separation 4cm

in the transverse direction (&v).

gion is reproduced. The derived longitudinal dispersion coeffi-
cients based on the coherence of the computed velocity data fol-
low the Okubo’s 4/3 power relationship, but with a greater magni-
tude due to the shear effect.
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