
On leave from Irrigation and Hydraulics Dept., Faculty of Engineering, Mansoura University, Mansoura, Egypt.

Revision received June 11, 2002. Open for discussion till June 30, 2003.

JOURNAL OF HYDRAULIC RESEARCH, VOL. 41, 2003, NO. 1 79

Analysisandnumerical simulationofa single-well tracer test inhomogeneous, lay-
ered and slightly tilted formations

Analyseetsimulationnumériqued’untestdetraceurinjectéponctuellementdansdes
formations homogènes, stratifiees et légèrement inclinées

DR. AMRO M.M. ELFEKI*, Hydrology & Ecology section, Dept. of water Managment, Faculty of Civil Engineering and Geosciences,
Delft University of Technology, P.O. Box 5048; 2600 GA Delft; The Netherlands. E-mail: a.m.elfeki@citg.tudelft.nl

ABSTRACT
Simulation of a field tracer experiment from an injection well in an axially symmetrical flow field in homogenous, stratified and slightly tilted aquifers
is presented. The simulation has been verified by analytical solutions of the evolution of the first and second radial spatial moments of the tracer
displacements derived in the current study under pure advective transport in case of layered formation. The study focused also on the discrepancies
in the transport mechanisms between uniform (linear) and axially symmetrical radial flow fields in homogenous, layered and slightly tilted formations.
Excellent agreement exists between analytical solution and the numerical simulation for the case of pure advection in both first and second moments
supporting the validity of the numerical simulations. A subdiffusive dispersion regime in case of transport by advection and dispersion in homogeneous
aquifer is observed due to the decline of the velocity field. Ki is the representative effective medium of the layered aquifer in case of pure advection
under axially symmetrical flow field.

RÉSUMÉ
On présente la simulation d’une injection de traceur dans un écoulement axisymétrique dans des aquifères homogènes, stratifiés et légèrement inclinés.
La simulation a été vérifiée par les solutions analytiques de l’évolution du premier et du second moment spatial radial des déplacements du traceur,
induits,, dans l’étude actuelle, par simple transport convectif en milieu stratifié. L’étude se focalise aussi sur les désaccords, dans les mécanismes de
transport, entre l’écoulement uniforme (linéaire) et l’écoulement radial axisymétrique, dans les formations homogènes, stratifiées et légèrement
inclinées. Un excellent accord existe entre la solution analytique et la simulation numérique dans le cas d’une convection pure des premier et second
moments qui étayent la validité des simulations numériques. Un régime de dispersion subdiffusive est observé dans le cas d’un transport par convection
et dispersion dans un aquifère homogène, dû au ralentissement du champ de vitesse. Ki est le milieu réellement représentatif de l’aquifère stratifié
dans le cas d’une convection pure dans un écoulement axisymétrique.

1. Introduction:

Field tracer experiments are mainly used either to evaluate hy-
draulic parameters (e.g. hydraulic conductivity, transmissivity,
porosity, storage coefficient, etc.), dispersive parameters (e.g.
dispersivities, dispersion coefficients, retardation factor, etc.) of
aquifers or to validate flow and transport models. Many research-
ers have developed mathematical methods to interpret and
analyse field experimental results. Some recent studies e.g.
Swamee, P. K. and Ojha, C. S. [1990], among may others, con-
cerned with pumping test analysis to evaluate hydraulic parame-
ters of confined and leaky aquifers. They focused on the unsteady
groundwater flow in homogeneous isotropic aquifers. The work
presented an empirical equation for the well function that facili-
tatesdeterminationofaquiferparameters.Theaquiferparameters,
inferred from the pumping test, are averaged over the whole aqui-
fer within the domain of influence of the well. This type of pump-
ing tests will be beyond the scope of the current research.
For determination of the dispersive parameters of aquifers one of
the following field tests is often conducted: (1) natural gradient
experiments, (2) single-well tracer experiments, and two-well
tracer experiments. In this work, a focus is made on the single-
well tracer experiment. However, for the sake of completeness

some review is presented. Moltyaner, et al. [1993] performed a
numerical simulation of Twin Lake natural-gradient tracer test.
The primary objectives of the simulation were to study the influ-
ence of geological heterogeneities, field scale dispersion and to
provide data for developing and evaluating groundwater flow and
transport models. It was concluded that the advective-dispersive
models of the local-scale transport perform better in predicting
the tracer migration at the Twin Lake aquifer using measured ve-
locities rather than velocities simulated by a flow model.
Güven, O. et al [1985] dealt with the dispersive properties of
stratified aquifers based on single-well field tracer experiment. In
this test, tracer is pumped into the formation for a period of time
and then pumped out. Concentration data are obtained from the
injection-withdrawal well and from one or more observation
wells. The study was particularly to simulate the field experiment
by Pickens and Grisak [1981a]. They concluded their results
based on an idealized model where the flow is nearly horizontal.
In designing a tracer test it is important to have some idea of the
type of nonhomogeneity in the site of the test. Huyakorn, P. S. et
al [1986] have conducted a simulation study of two-well
injection-withdrawal tracer tests in stratified granular aquifers at
two sites using a finite element model (FEM). The first site is
located near the Chalk River Nuclear Laboratories in Canada, and
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the second site is located in Mobile, Alabama. The paper focused
on the field application of the proposed FEM. The model ac-
counts for stratification in hydraulic conductivity but assumes
areal homogeneity. One of the important conclusions in the paper
is that stratification shows interesting effects on the spatial distri-
bution of the concentration and on the evolution and spreading
pattern of the tracer plumes. These effects have not been fully
assessed in the field measurement and should be investigated fur-
ther. Molz, F. J. et al (1986) reported a second type of two-well
tracer test using a bromide tracer at the Mobile site. They used a
quasi-three-dimensionaladvective modelwithzero hydrodynamic
dispersion to simulate the test. Such flow systems result in
plumes with high concentrations of contaminant moving over
large horizontal distances in the higher-permeable zones. Jim
Yeh, T.-C. et al [1995] have performed three-dimensional two-
well forced-gradient tracer experiment of chloride plumes in a
coastal sandy aquifer at Georgetwon, South Caroline. The pur-
pose of this field experiment was to assess the ability to predict
solute transport in the aquifers with extensive hydraulic conduc-
tivity data. They showed that our predictability is limited only to
the bulk plume behaviour that is controlled by some significant
heterogeneities. Snodgrass and Kitanidis (1998) have proposed a
method to evaluate first-order and zero-order in situ reaction rates
from push-pull test. The method does not involve computer-based
solute transport models. The method performs well when the
dominant processes are advection, dispersion and zero- or first
order reactions.
In this paper a focus is rather made on the study of transport re-
gimes in case of single-well tracer experiment. The study focused
also on the discrepancies in the transport mechanisms between
uniform (linear) and axially symmetrical radial flow fields in ho-
mogenous, layered and slightly tilted formations.

2. Derivation of Analytical Solution of Advective Transport
in Layered Formations under Axially Symmetrical Flow
Field:

The governing equation of steady axially symmetrical radial flow
in non-homogeneous and anisotropic confined aquifer is given by
(see Rushton and Redshaw [1979]),

Where r is the radial distance from the well centre [L], φ is the
groundwater head [L], Kr, and Kz are hydraulic conductivities in
the radial and vertical directions respectively [LT-1].
By the logarithmic transform a = ln (r), Eq. 1 can be simplyfied
to read,

In case of isotropic layered formation, the hydraulic conductivity
is a function of the vertical direction, Z, so Eq. 2 can be written
as,

The analytical solution of Eq. 3 in case of a single fully pene-
trated injection well in the centre of a multi-layer aquifer under
the boundary conditions given in Figure 1 where φe is the ground-
water at the outer edge of the circular aquifer [L] and R is the ra-
dius of the aquifer [L] (no change of φ in the Z-direction and flow
is horizontal),

Where Q is the well discharge [L3T-1], rw is the well radius [L],
φw is the head at the injection well [L], Bi is the thickness of layer
number i [L], and Ki is hydraulic conductivity of layer number i
[LT-1].
The total well discharge in multi-layer aquifer is given by,

The discharge passing through each layer is calculated by,

The corresponding velocity at each layer is calculated by,



JOURNAL OF HYDRAULIC RESEARCH, VOL. 41, 2003, NO. 1 81

dr t

dt
v r

R

r

K

r
i

i
w e

e
w

i

i

( )
( )

( )

log

= =
−
















φ φ

ε
(8)

r t r
R

r

K ti w
w e

e
w

i( )
( )

log

= +
−






[ ]2 2
φ φ

ε
(9)

r t
R

r

K ti
w e

e
w

i( )
( )

log

=
−






2
φ φ

ε
(10)

σ
φ φ

ε
r i i

w e

e
w

i it r t r t
R

r

K K t2 2 2 2

2( ) ( ) ( )
( )

log

= − =
−






−



 (11)

D t
d t

dt R

r

K Kr
r w e

e
w

i i( )
( ) ( )

log

= =
−






−





1

2

2 2σ φ φ

ε
(12)

X t
K

J t
i

x( ) =
ε

(13)

σ σ
εx K

xt
J

t2 2
2

2
2( ) = (14)

D t
J

tx K
x( ) = σ
ε

2
2

2
(15)

∂
∂

+
∂
∂

−
∂
∂

∂
∂






−

∂
∂

∂
∂






=

C

t
v

C

r r r
rD

C

r Z
D

C

Zr r z

1
0 (16)

D D v

D D v

r o r r

z o z r

= +

= +







α

α
(17)

Where ε is the effective porosity, which is assumed constant for
all layers.
In case of a slug injection of a tracer from the well along the aqui-
fer depth under steady state groundwater flow, the displacement
of the tracer front at each layer is calculated by,

By separation of variables and integration, one could obtain the
radial displacement of the tracer front, ri(t), in a layer i as,

Eq. 9 has the same result of the one derived by Pickens and
Grisak [1981a] (see their Eq.16).
In order to simplify calculation of spatial average of the displace-
ments over n layers, assume rw=0 so, the spatial average is given
by,

Where the angle brackets, . , means the spatial average, ri(t)
is the spatial average displacement of the tracer front [L], Ki

is the average of square root of hydraulic conductivity over the n
layers.
Eq. 10 shows that the mean radial displacement evolves with the
square root of travel time.
The variance of the displacements around their mean,σr

2 (t), [L2]
is given by,

From Scheidegger [1954] and Dagan [1987], it is noted that the
macro-dispersion coefficient, Dr(t), is calculated as half the deriv-
ative of the variance of the displacements around its radial mean
that leads to the following expression,

The radial macro-dispersion coefficient is constant which shows
Fickian regime. However, in case of uniform flow with linear

hydraulic gradient, the following relations hold for the same vari-
ables mentioned above [Mercado, 1967]. The average displace-
ment is expressed as,

Where X(t) is the spatial average displacement of the tracer
front [L] and Jx is the linear gradient acting on the flow domain
from left to right [L/L].
The variance of the displacement front is calculated by,

The longitudinal macro-dispersion coefficient is given by,

The macro-dispersion coefficient is linear in time showing a
superdiffusive regime [see Sahimi 1993].

3. Transport by Advection and Dispersion in Axially Symmet-
rical Flow Field:

In the pervious section, a focus is made to the advection transport
in an axially symmetrical flow field where analytical solutions for
the first and second moments of the front displacement are devel-
oped. In this section the transport model by advection and disper-
sion in axially symmetrical flow field is addressed. The transport
equation describes the transport of dissolved substance by
advection and dispersion that introduced at an injection well in an
axially symmetric flow field is given by [Ogata, 1970],

Where r is the radial co-ordinate, C = C(r, Z, t) is the tracer con-
centration [ML-3], Dr and Dz are the radial and vertical hydrody-
namic dispersion coefficients respectively [L2T-1] and vr = vr(r, Z)
is the radial seepage velocity which is obtained by Eq. 7 [LT-1].
The hydrodynamic dispersion coefficients can be written as
[Bear, 1979],

Where,αr andαz are the radial and vertical local dispersivities [L]
and Do is the molecular diffusion coefficient which is too small
and can be neglected in the current study [L2T-1].
The initial and boundary conditions of a single well tracer experi-
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Fig. 2 Simulation results in terms of piezometric head distribution and plume snapshots at two different times 62
days and 3721 days since release: (left column is the simulation of a two-layered system with and without
pore-scale dispersion process, right column is the simulation of a homogeneized system with and without
pore-scale dispersion process).

ment in layered formation under a pulse injection of initial con-
centration Co are,

Where H is the aquifer thickness.
Analytical solutions in this case are given, in terms of break-
through curves for continuous tracer injection, by Güven, O. et al
[1985]. However, according to the author knowledge, there is no
analytical solution in terms of plume spatial moments. In this pa-
per we will resort to numerical solutions by particle tracking tech-
nique for the plume spatial moments to study the transport mech-
anisms in this type of flow.

4. Numerical Simulation of the Single-Well Tracer Test by
Particle Model:

The analytical model derived in section 2 is performed to study
and validate a set of numerical simulations. A hypothetical single-

well tracer test in a vertical section is performed in a confined
aquifer with a full penetration well of radius rw=0.25m. The aqui-
fer consists of two layers (n=2) as shown in Figure 2 (left-top
image) with a hydraulic conductivity contrast of 10 m/day for the
high permeable layer (appears in white) and 1 m/day for the low
permeable layer (appears in black). The effective porosity of the
aquifer is assumed to be ε=0.35. The aquifer extends at R=200m
in radius around the well. The total aquifer depth is H=20m. The
hydraulic head at the well is assumed to be φw =2m and the hy-
draulic head at the outer edge of the aquifer is assumed to be
φe =1m. The total well discharge according to this situation is 86.9
m3/day. The weighted average hydraulic conductivity of the two
layers is 4.86 m/day and the corresponding average transmesivity
is 102 m2/day. The aquifer hydraulic head distribution is calcu-
lated from Eq. 4. Figure 2 (second row) shows the distribution of
the piezometric head field. It is of logarithmic type which means
that the gradient is high near the well while it decreases far from
the well.
A particle tracking random walk [Uffink, 1990] was used to solve
the advection-dispersion equation with the aforementioned initial
and boundary conditions (Equation 18). The numerical values for
the transport model are given in Table 1. The physical parameters
used in the simulations are realistic field values that are in the
same order of magnitude of the two-well tracer test at the Mobile
site [Molz, F. J. et al, 1986]. When a steady state groundwater
flow from the injection well is reached, a mass of 1000 grams of
a tracer is injected from the well into the aquifer.
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Fig. 3 Plume spatial moments in different cases: top is the first mo-
ment and bottom is the second moment (the five cases consid-
ered are: single-well numerical simulation with advection in
two-layers, single-well analytical solution under advection, sin-
gle-well numerical simulation under advection and dispersion
in two-layers, single-well numerical simulation under advection
in a homogeneized aquifer).
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Table 1 Numerical values used in the simulation of the single-well tracer
experiments.

Parameter Numerical Value
Injected tracer mass 1000 Grams
Number of particles 5000 Particles
Time step in calculations 0.124 Day
Longitudinal pore-scale dispersivity
Transverse pore-scale dispersivity
Total aquifer thickness
X-coordinate of an observation well
Molecular diffusion coefficient

0.10 m
0.05 m
20 m
100 m
0.0

This mass is represented by 5000 particles which are placed at the
well screen over the full depth of the aquifer (i.e. at rw=0.25m and
H=20m). The evolution of the particle spatial moments is moni-
tored each time step and some snapshots of the plume at different
time steps are also reported by the programme.

5. Analysis of Results:

The results of the simulation in terms of snapshots of the plume
and the spatial moments of the particle clouds are shown in this
section. Two selected snapshots of the plume at 62 and 3721 days
are presented in Figure 2 for the two-layered and the correspond-
ing homogeneized aquifer with and without the effect of pore-
scale dispersion process. The results of the groundwater heads are
also plotted in the same graph for both cases that are identical and
show logarithmic distribution of the heads due to the effect of
radial flow (second row of Figure 2). The results of the plumes
show that the concentration distribution in case of introducing
pore-scale dispersion process is symmetrical around the front dis-
placement that is due to pure advection.
The analytical spatial moment provides a criterion to evaluation
the performance of the numerical model. Figure 3 (top) shows the
evolution of the first moment of the particle cloud (radial centroid
displacement) with respect to the travel time. Excellent agreement
exists between the analytical solution (solid line) and the numeri-
cal simulation (black circles). The result of the first moment
shows, qualitatively, the same trend as observed in the recent
field study by Tim Yeh et al [1995] (displayed in Figure 11B in
their paper). The Figure displays the differences between the
advective transport under axially symmetrical radial flow and
uniform linear gradient flow field. The certroid is moving at a
faster rate in the first case especially close to the well this is due
to the high velocity near the well. However, at a certain distance
far from the well (corresponding to about 800 days) the centroid
is moving slower than the case of uniform flow. The evolution of
the displacement is proportional to square root of travel time in
radial flow field (Eq. 10) while it is proportional to travel time in
case of uniform flow (Eq. 13).
The centroid movement using an advection-dispersion model in
a layered aquifer is slightly faster than the case of pure advection
in the same layered aquifer. This is due to the dispersion coeffi-
cient at the pore scale that is dependent on the radius from the
well. The dispersion coefficients Dri and Dzi at the pore scale for

layer i can be expressed as (substitution of Eq. 7 into Eq. 17),

Eq. 19 shows that the dispersion coefficient at the pore scale is
inversely proportion to the radial distance from the well. There-
fore, the radial dispersion will produce random displacements that
are longer near the well in comparison with the random displace-
ments far from the well. These displacements will contribute to
the advective displacements causing faster plumes with respect to
the ones undergo pure advection. The pure advection in the ho-
mogenized aquifer (dashed lines with triangles) produces dis-
placements that move at a faster rate in comparison with the
layered model. This means the arithmetic average conductivity is
not a good representation of the layered medium. However, the
average of square root of hydraulic conductivity over the n layers,

Ki is the representative effective medium of the layered aqui-
fer under radial flow.
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Fig. 5 Radial variance of the particle displacements around their mean
in case of homogenized aquifer under advection and dispersion
processes.

Figure 3 (bottom) shows the evolution of the second moment of
the particle cloud (variance of the radial displacements around
their mean) with respect to the travel time. Similar to the first mo-
ment, excellent agreement is found between the analytical solu-
tion (solid line) represented by Eq.11 and the corresponding nu-
merical simulation (black circles). The growth of the radial vari-
ance is linear in time in case of radial flow field (diffusive re-
gime) when compared with the case of uniform flow with linear
gradient where the growth is parabolic in time (solid line with
squares) showing superdiffusive regime. It is obvious that there
is no growth in the variance in case of pure advection in homoge-
nized medium (dashed lines with triangles) (see also Figure 2
right column 3rd and 5th rows).
The effect of lateral dispesivity is displayed in Figure 4. Increas-
ing lateral disprsivity leads to solutions far from the analytical
solution. This is of course obvious because the analytical solution
is only made under zero dispersivities.
For completeness of the numerical experiments, a simulation with
advection and dispersion processes in a homogenized aquifer is
performed to study the dispersion mechanism in this case. Figure
5 shows the evolution of the second moment of the particle dis-
placements in time. The growth of the variance of the displace-
ments displays a subdiffusive regime. This is due to the decline
of the velocity field from the well to the outer edge of the aquifer.
A numerical experiment with a slightly tilted layered aquifer is
also addressed (Figure 6 top image). In this experiment a pure
advective model is used. The flow field is calculated numerically
using finite difference scheme of the differential equation, Eq. 2,
for the axially symmetrical flow field and the steady groundwater
flow under uniform flow conditions in heterogeneous medium.
The flow field in both cases is presented in terms of the hydraulic

head in Figure 6 (second row). The results of the plume snapshots
are presented in Figure 5 at 62, 620 and 3721 days since release.
It is obvious that the plume at 62 is closer to the left boundary in
case of linear gradient while it left the domain completely after
3721 days in comparison with the radial flow case. This
behaviour is due to the well effect as explained in the previous
simulations.
The plume second moments are presented in Figure 7. In case of
linear gradient flow field, the superdiffusive regime is observed
as the case of perfectly layered formations. However in case of
radial flow, one can observe different regimes. In the first 500
days a subdiffusive regime is displayed. After the 500 days a
superdiffusive regime is observed. The change of the regimes
depends on the interaction between the alignment of the heteroge-
neity and the particle paths. In some places the particles accumu-
late causing subdiffusive regimes and in other cases particles
move at high differential velocities between layers causing
superdiffusive regimes. Modelling the behaviour of change from
one regime to another is still a point of future research by the au-
thor.

6. Conclusions:

In this paper, numerical simulations of a single-well tracer test in
homogeneous, layered and slightly tilted aquifers under steady
and axially symmetrical flow field from a fully penetrating injec-
tion well in a confined aquifer are developed. Simulations have
been validated with analytical solutions for the evolution of the
mean radial displacement of the tracer front and its variance due
to pure advection in case of layered formations. A comparison
with the case of linear gradient flow field is also considered.
The following conclusions can be drawn from this study:
1. If a tracer is injected into an axially symmetrical flow field in

a layered system under advective transport the evolution of the
mean of the tracer front is proportion to the square root of the
travel time (Eq.10). While the variance of the front of the dis-
placements is linearly proportion with travel time (Eq.11). This
leads to a Fickian (diffusive) regime. The results show the dis-
crepancies in the behaviour obtained from the case of uniform
flow under linear hydraulic gradient, where non-Fickian
(superdiffusive) regime is known [Mercado, 1967].
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Fig. 6 Simulation results in terms of piezometric head distribution and plume snapshots at three different times
62, 620 and 3721 days since release: top image is the heterogeneous aquifer (white is high permeable and
black is low permeable). Left column is simulation under radial flow field and right column is simulation
under linear gradient field.
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Fig. 7 Plume variance in case of slightly tilted formation under pure
adavection.

2. Excellent agreement exists between analytical solution and the
numerical simulation for the case of pure advection in both
first and second moments supporting the validity of the simula-
tion.

3. In case of radial flow field, the arithmetic average conductivity
is not a good representation of the layered medium as in the
case of uniform flow under pure advection. However, the aver-
age of the square root of the hydraulic conductivity over the n
layers, Ki is the representative effective medium of the lay-
ered aquifer under axially symmetrical radial flow field.

4. The numerical experiment with particle model shows a
subdiffusive dispersion regime in case of performing advection
and dispersion in homogeneous aquifer under radial flow field
condition due to the decline of the velocity from the well to the
outer edge of the aquifer.

5. In case of slightly tilted formations, the change of the transport
regimes depends on the interaction between the alignment of
the heterogeneity and the particle paths. This behaviour needs

further research developments.
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