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ABSTRACT
The classical depth averaged De St. Venant equations, which are used for most of the computational models in open channels, are based on the
fundamental assumptions of uniform velocity and hydrostatic pressure distributions. They are thus limited in their applicability to cases where vertical
details are not of importance. Alternative two-dimensional vertically averaged and moment equations are developed, by a moment weighted residual
method from the fundamental 3D Reynolds equations, to account for problems where more vertical details are significant and essential. The proposed
model is applied to rapidly varied flow problems involved in open channel flow. These problems include flow in channel transitions with rapid
contraction and/or expansion and flow over a hemispherical hump. Linear distribution shapes are proposed for the horizontal velocity components, while
quadratic distribution shapes are considered for vertical velocity and pressure. The implicit Petrov-Galerkin finite element scheme is used in these
simulations. A good agreement is attained. In addition, the obtained results show that more details are gained and the flow is better represented by the
proposed model compared to the classical De St. Venant model.

RÉSUMÉ
Les équations classiques de Saint-Venant moyennées sur la hauteur d’eau, qui sont utilisées dans la plupart des modèles numériques d’écoulements
à surface libre, sont basées sur les hypothèses fondamentales de vitesse uniforme et de pression hydrostatique. Elles sont donc limitées dans leurs
applications aux cas où les détails verticaux ont peu d’importance. Pour prendre en compte les problèmes dans lesquels les variations verticales sont
significatives et essentielles, on a développé d’autres équations à deux dimensions en moyenne et moment sur la verticale; elles sont obtenues à partir
des équations fondamentales de Reynolds tridimensionnelles par une méthode de résidus pondérés de moment. Ce modèle est appliqué à des problèmes
d’écoulements rapidement variables en canal à surface libre comportant des rétrécissements et/ou élargissements brusques et passage au dessus d’une
bosse hémisphérique. On adopte des profils linéaires pour les composantes horizontales de la vitesse, tandis que l’on considère des profils quadratiques
pour la composante verticale et la pression. Ces simulations utilisent le schéma implicite en éléments finis de Petrov-Galerkin. On atteint un bon accord
et les résultats obtenus montrent que l’on gagne plus de détails et que l’écoulement est mieux représenté par le modèle proposé que par le modèle
classique de Saint-Venant.

Introduction

The derivation of De St. Venant equations is based on the as-
sumptions of uniform velocity and hydrostatic pressure distribu-
tions. As a result, the previous equations are inapplicable for
modeling flow situations that involve non-uniform velocity and/or
non-hydrostaticpressuredistributionsandwith lengthscalesclose
to channel depth [20]. These flow situations include, for example,
rapidly varied flows in hydraulic structures, sudden contractions
and expansions and flow over bed form. These are important
problems and require relatively accurate solutions in open chan-
nel hydraulics.
A number of attempts or approaches have been proposed in the
past to model short length scale flow problems. Most of these
attempts assumed that the flow could be approximated as poten-
tial flow in which vertical velocities and non-hydrostatic pressure
distributions were used to predict the flow field. Kennedy [13]
used a potential flow approximation to predict the flow field over
dunes and antidunes. Dressler [1] introduced a bed curvilinear
coordinate system into the Euler equations to come up with more
generaldepthaveragedequations.Boussinesqequationsrepresent

the next level of approximation compared to the De St. Venant
equations [5]. These equations assume linear vertical velocity and
non-hydrostatic linear pressure distributions and are applicable
for moderately shallow flows with wavelength to depth ratio of
about six [20].
Steffler and Jin [20] introduced a further alternative in this area
to recover more vertical details. They developed a new set of ver-
tically averaged and moment equations. They derived the equa-
tions for the case of one-dimensional model in which they as-
sumed a linear longitudinal velocity distribution, and quadratic
vertical and pressure distributions. Successful numerical applica-
tions for that model were carried out by Khan [14]. Jin and Li
[12] applied a one-dimensional model to solve problems where
the effects of non-hydrostatic pressure distribution are significant.
This model was considered as a simplification of the two-dimen-
sional depth-averaged model derived by Jin and Steffler [11].
Naef [15] extended the model of Steffler and Jin [20] to a 2-D
model. Ghamry [3] derived similar yet more general equations to
those of Naef [15] to account for problems where more vertical
details are significant and essential. The new two-dimensional
vertically averaged and moment (termed VAM) equations were
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derived by a moment weighted residual method from the funda-
mental three-dimensional Reynolds equations. The equations
were developed in a general way that can accommodate different
shapes of velocity and pressure distributions. The derivation of
the new equations could be considered as a quasi three-dimen-
sional model where more vertical details are accounted for, with-
out extending to the full three-dimensional Navier Stokes equa-
tions.
Among others, an attempt to apply a three-dimensional model to
curved open channels was carried out by Shimuzi et al. [19].
Odgaard et al. [16] developed a three-dimensional model for sim-
ulating flow through natural river reaches. The model solved the
Reynolds averaged Navier Stokes equations.
The main goals of this paper are: 1) to test the proposed VAM
model for simulating rapidly varied flow situations with relatively
small wavelength to depth ratios (λ/h 5,λ being the wavelength)
where non-hydrostatic pressure and non-uniform velocity distri-
butions might be expected to be significant; and 2) to see if there
is an improvement of the proposed model over the conventional
De St. Venant (termed VA) model in simulating such flows.

Mathematical and Numerical Model

The vertically averaged and moment equations developed by
Ghamry [3] are adapted to allow for the incorporation of pre-as-
sumed linear distribution of horizontal velocity components and
quadratic vertical velocity and pressure distributions. The distri-
bution shapes proposed to the velocities as well as pressure are as
follows:
The proposed linear horizontal velocity distributions read

where u is the longitudinal velocity; v is the transverse velocity;
andη is the non-dimensional vertical coordinate and is defined as

where zb is the bed elevation; and h is the depth of flow. In both

cases and so that uo and vo are the( )2 1 0
0

1

η η− =∫ d ( )2 1 11η η− ==

depth averaged velocity components and u1 and v1 can be inter-
preted as the velocities at the water surface in excess of the means
uo and vo respectively. These excess surface velocities do not con-
tribute to net mass flux. The proposed vertical velocity distribu-
tion reads

where w is the vertical velocity; wb is the vertical velocity at the
bed; wh is the vertical velocity at the surface; and w2 is the mid-
depth vertical velocity in excess of the average of vertical veloci-
ties at the surface and bed. The vertical velocity at the bed, wb, is
given by the following kinematic bed boundary condition:

This condition assumes that the bed stays fixed with time and the
flow is parallel to the bed. The surface vertical velocity wh is
given by the following kinematic surface condition:

The proposed pressure distribution reads

where p is the pressure; ρ is the density of water; and g is the ac-
celeration due to gravity. h1 is the pressure head in excess of the
hydrostatic at the bed and is equal to p1/ρg, p1 being the pressure
intensity in excess of the hydrostatic at bed. h2 is the mid-depth
pressure head in excess of the average of pressure heads at the
bed and surface and is equal to p2/ρg, p2 being the mid-depth
pressure in excess of the average of pressures at the bed and sur-
face.
At the water surface, the pressure is assumed atmospheric and
turbulent shear and normal stresses are assumed negligible [20].
Having applied the previous proposed distributions along with the
kinematic and surface boundary conditions, we are left with the
following equations:
The vertically averaged continuity equation

The vertically averaged momentum equation in the x-direction

The vertically averaged momentum equation in the y-direction

The vertically averaged momentum equation in the z-direction
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The moment of continuity equation

The moment of momentum equation in the x-direction

The moment of momentum equation in the y-direction

The moment of momentum equation in the z-direction

where qx is the flow discharge in longitudinal direction per unit
width; qy is the flow discharge in transverse direction per unit
width; is the mid channel depth; is the vertically averagedz τ
total turbulent shear stress; τ is the bed shear stress; and σ is the
total turbulent normal stress. The average vertical velocity, ,w

and the mean square vertical velocity, , are given byw2

The above set of equations ((5)-(6) and (8)-(15)) is called in this
paper the VAM model. It should be mentioned that these derived
equations are identical to those obtained by Naef [15]. The verti-
cally averaged total turbulent shear and normal stresses appearing
in equations (9)-(11) and (13)-(15) are approximated (assuming
laminar stresses are negligible) according to the Boussinesq
model as follows:

where νh is the vertically averaged turbulent exchange coefficient
or eddy viscosity in the horizontal direction (x-y plane); and νz is
the vertically averaged turbulent eddy viscosity in the vertical
direction. For simplicity, the case of bed-dominated turbulence is
assumed and values of the order of vh = 0.5u*h and vz = 0.07u*h
are used [2]. u* is the shear velocity and is defined as

It should be mentioned, herein, that the present proposed models
for turbulent shear stresses represent the simplest models avail-
able. More sophisticated models are possible and their incorpora-
tion may be an interesting topic for further research.
The bed shear stresses, appearing in equations (9)-(11) and (13)-
(15), are approximated according to

where C* is the dimensionless Chezy Coefficient and is related to
the effective roughness height, ks, through

Boundary Conditions

The mathematical character of this set of equations has not yet
been studied, and as a result, definitive boundary and initial con-
dition requirements have not been established. For practical pur-
poses, the following approach to boundary conditions seems to
work: the continuity and horizontal momentum equations are es-
sentially the shallow water equations and use the appropriate set
of boundary conditions for sub- and supercritical inflow and out-
flow and no flow cases. For the case of subcritical flow, a given
total flow is specified at the upstream cross-section as an inflow
boundary, whereas a fixed water surface elevation is specified at
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the downstream cross-section as an outflow boundary. For case
of supercritical flow, both the flow and the water surface eleva-
tion are given at the upstream cross-section as inflow conditions,
whereas no conditions are applied at the outflow boundary. A no
cross-flow condition is specified at any vertical wall boundaries.
The equations of moment of horizontal momentum appear to have
the characteristic of transport equations. As a result, values for the
velocities in excess of the means at the surface, u1 and v1, are
given at the upstream cross-section for inflow boundary case,
whereas they are left free at the outflow boundary case. It is
found that assuming constant definite values other than zero for
u1 and v1 at the inflow boundary does not affect the output results.
This arises from the fact that the upstream boundary is placed
sufficiently far upstream of the domain of interest that the flow
becomes fully developed by the time the domain of interest is
reached. For the sake of simplicity, u1 and v1 are assumed to be
zero as boundary conditions at the upstream boundary. At the
walls, a slip velocity condition is specified for u1 and v1. That
means the velocities in excess of the means at the surface, u1 and
v1, may have a component parallel to the wall, but not perpendic-
ular to the wall. In the rest of the equations, the primary depen-
dent variable being evaluated is not differentiated with respect to
the spatial coordinates. As a result, the variables or w2, wb, wh,w
p1, and p2 are left free at all boundaries. At time t = 0, all vari-
ables are defined to have initial values at each point of the domain
of interest.
Having defined the initial values of the variables and specified the
boundary conditions, we are left with a closed system that defines
a ‘model’ for 2-D or a quasi 3-D flow in open channels (equations
(5)-(6) and (8)-(15)). This model, essentially, solves for “wb”,
“wh”, “h”, “qx”, “qy”, “p1 or h1”, “ or w2”, “u1”, “v1”, and “p2 orw
h2” dependent variables respectively. This results in a ten-equa-
tion by a ten-unknown (10 x 10) model (the VAM model). If we
force h1, , u1 and v1, and h2 to zero and eliminate their corre-w
sponding equations ((11), (12) and (13)-(15)), then we’ll be left
with a three-equation by a three-unknown (3x3) model. This
model (equations (8)-(10)) is the traditional De St. Venant or VA
model. These equations were used in most of the applications of
this paper to compare their results with those of the proposed
VAM equations.

Numerical Solution of the Equations

A numerical solution is necessary since there is no feasible ana-
lytical solution. The finite element method is used in this paper.
The vertically averaged and moment equations are discretized and
modeled using a hybrid Petrov-Galerkin and Standard-Galerkin
finite element scheme. The vertically averaged continuity, longi-
tudinal and transverse momentum, and moment of longitudinal
and transverse momentum equations are upwinded using the two-
dimensional Characteristic Dissipative Galerkin finite element
scheme recently used by Ghanem et al. [4]. This scheme has the
ability of providing selective artificial dissipation for shock cap-
turing and modeling both progressive and regressive waves accu-
rately ([6], [7], and [4]). The rest of the equations are modeled
using the Standard-Galerkin finite element scheme. This may be

briefly explained as follows:
The application of the Petrov-Galerkin (Streamline Upwind) fi-
nite element scheme to equations (8)-(10) and (13)-(14) results in
the following weak statement equation:

where bold letters represent vectors and matrices. repre-( )
sents the time-variation vector. and represent theF

x
( ) F

y
( )

flux vectors in the x- and y-directions respectively. repre-G( )
sents the sink and/or source vector.Ω is the solution domain. The
approximation, , to the unknown vector, φ, is defined as

where Φ is the nodal-value vector of the unknowns; and B is the
matrix of basis functions (triangular elements with linear basis
functions for all variables are used).

is the matrix of test functions. ω is an upwinding coefficientB̂

set equal to 0.5 for this study. Wx and Wy are the upwinding ma-
trix coefficients in x and y directions respectively which control
both the amount and the direction of the numerical diffusion. The
upwinding matrices, Wx and Wy, are calculated according to
Hughes and Mallet ([8] and [9]) and Hughes et al. [10]. It should
be emphasized that more details regarding Petrov-Galerkin
scheme can be found in [7].
The application of the Standard-Galerkin Scheme to the rest of
the equations results in the following weak statement equation

Applications

Comparisons of the model predictions are made with the experi-
mental results obtained by Ye and McCorquodale [21], and
Shamloo and Rajaratnam [18]. These channels are selected as
they have relatively small wavelength to depth ratios (λ/h 5)
where non-hydrostatic pressure and non-uniform velocity distri-
butions might be expected to be significant. As a result, a notice-
able difference between the proposed model and the conventional
De St. Venant model could be anticipated.
In all cases, the finite element grids are designed to be fine
enough to meet the requirements of reasonable accuracy as well
as execution time. In addition, additional nodes are added to the
parts of the computational domain where velocity gradients are
expected to be high, while fewer nodes are placed in the other
parts of the flume where lesser velocity gradients are expected.
The program is run till a steady state solution is obtained.
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Fig. 1 Finite element mesh for Ye and McCorquodale’s (1997) experi-
ment
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Fig. 2 The comparison of cross channel averaged surface elevation for
Ye and McCorquodale’s (1997) experiment
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Fig. 3 The comparison of longitudinal velocity distribution across the
flume for Ye and McCorquodale’s (1997) experimant (cross
sections 1, 3 and 4)

Ye and McCorquodale’s [21] experiment

The flume results of Ye and McCorquodale [21] are invoked to
test the ability of the model to simulate nearly critical flow condi-
tions. The experiment was conducted at the University of Wind-
sor in a Parshall flume. The Parshall flume, which was developed
by Parshall [17], is considered one of the most widely installed
open channel devices for field flow measurements. The flume
consisted of a contracting section with a flat floor to create the
critical depth; a throat section with parallel side walls and a slop-
ing bed in which supercritical flow occurs; and a diverging sec-
tion with an adverse sloping bed. The flume had a rectangular
cross section. The flow discharge was equal to 0.0145 m3/s.
The simulation is performed using a finite element mesh com-
posed of 2485 triangular elements and 1383 nodes (Figure 1). The
boundary conditions are specified as subcritical inflow,
supercritical outflow and no-flow across the side vertical walls.
The boundary condition specified at the inflow section is a total
discharge = 0.0145 m3/s.
The results are shown in Figures 2-4. Figure 2 compares the ex-
perimental and numerically predicted cross channel averaged wa-
ter surface elevation. Figures 3-4 compare the experimental and
numerically predicted depth averaged longitudinal velocity distri-
butions across the flume at different cross sections.
It can be clearly seen from Figure 2 that the proposed VAM
model simulates well the cross channel averaged water surface
elevation. In addition, the proposed model predicts the flow
slightly better than the traditional De St. Venant model in the vi-
cinity of the critical flow section.
It can be noticed from Figures 3-4 that the agreement with the
experimental results is generally good. The model underestimates
the results particularly near the walls at some cross sections (cross
sections 3, 4 and 7). In addition, the VAM and De St. Venant
(VA) models seem to behave almost the same. This is to be ex-
pected as the ratio of the wavelength to depth is relatively moder-
ate for this problem. Thus, the effect of the non-hydrostatic pres-
sure and non-uniform velocity distributions might not be expected
to be significant.

Shamloo and Rajaratnam’s [18] experiment

One of the flume results of Shamloo and Rajaratnam [18] is used
to test the ability of the model to simulate rapidly varied flow
over a hump where the flow exhibits three-dimensional character-
istics. The flume was 18 m long, 1.22 m wide and 0.65 m high.
The bed was non-erodible, made of smooth aluminum, with
Plexiglas side walls. The flume had an adjustable bed slope and
a tailgate to control the downstream flow depth.
Measurements of the water surface profiles, velocity and shear
stress were presented. The water surface profiles were measured
by point gauges. The velocities were measured by pitot-static tube
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Fig. 4 The comparison of longitudinal velocity distribution across the
flume for Ye and McCorquodale’s (1997) experiment (cross
sections 5, 6 and 7)
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Fig. 6 The comparison of mid channel surface elevation for Shamloo
and Rajaratnam’s (1997) experiment

in uni-directional flow and by yaw and pitch probes in two-di-
mensional flows. A smooth bed was used for the velocity field
measurements, with a simple Styrofoam hemisphere (of sizes 74
and 134 mm in diameter) glued on the aluminum bed. The uncer-
tainty in the water surface and velocity measurements were ±
1.00 mm and ± 0.0064 m/s respectively. Experimental velocities
below the pressure transducer range were not recorded. The maxi-
mum flow rate was about 0.075 m3/s. A number of experiments
were conducted for different flow conditions, with different ob-
stacles and bed roughnesses. The experiment with a flow of 0.054
m3/s, a smooth bed, a moderate relative depth of flow to the
height of the hemisphere obstacle (1.85) and a bed slope of
0.00147 (experiment AS1) is used in the simulation.
The simulation is performed using a finite element mesh com-
posed of 2780 triangular elements and 1533 nodes (Figure 5). The
boundary conditions are specified as subcritical inflow, subcriti-
cal outflow and no-flow across the vertical side walls. The bound-
ary conditions specified at the inflow section on the left are dis-
charge intensity = 0.0443 m3/s/m, u1 = 0.0, and v1 = 0.0. The
boundary condition specified at the outflow section on the right
is flow depth = 0.12 m. The initial depth h is set to 0.12 m. A bed
slope of 0.00147 is used in the simulation. A bed roughness, ks,

of 0.002 m, based on a reported overall C* of 16.5, is used.
The results are shown in Figures 6-8. Figure 6 compares the ex-
perimental and numerically predicted mid-channel water surface
elevation. Figures 7-8 compare the experimental and numerically
predicted longitudinal velocity profiles over the vertical direction.
It can be clearly seen from Figure 6 that the proposed VAM and
VA models show some very small surface wave features. The
experiment shows some surface disturbance but less than the
models. From Figures 7-8, it can be seen that the VAM model
simulates very well the longitudinal velocity profiles at different
locations along the channel and give significantly better results
than the De St. Venant model even for the mean flow. In particu-
lar, the wake region behind the obstacle is indicated by a rela-
tively large u1 value, such that the bed velocity is zero.

Comparison of Computational Effort

A comparison between the VAM and the conventional De St.
Venant (VA) models in terms of computational effort and time
necessary for simulation is made. It is found that the time re-
quired for the VAM model to converge to a final steady state so-
lution is approximately four times larger than that of the De St.
Venant model. The memory allocated for the VAM model is
found to be eleven times larger than that of the De St. Venant
model, though.
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Fig. 8 The comparison of longitudinal velocity profiles along the
flume for Shamloo and Rajaratnam’s (1997) experiment (X/D
= 0.77 and 1.59)
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Summary and Conclusions

The vertically averaged and moment (VAM) equations developed
by Ghamry [3] were adapted to allow a pre-assumed linear distri-
bution of the horizontal velocity components and quadratic verti-
cal velocity and pressure distributions. The finite element hybrid
Petrov-Galerkin and Standard-Galerkin schemes were used.
The obtained derived VAM equations were investigated for mod-
eling rapidly varied flow transitions with relatively small wave-
length to depth ratios (λ/h 5) where non-hydrostatic pressure
and non-uniform velocity distributions might be expected to be
significant. Two experimental hydraulic problems from the litera-
ture were selected for comparison purposes.
A comparison between the VAM 10-equation and the conven-
tional 3-equation De St. Venant (VA) models in terms of degree
of accuracy attained, computational effort and time necessary for
simulation was made.
The conclusions of this study may be stated as follows:
1. Generally, a good agreement is obtained between the numerical

predictions and the experimental measured data. The obtained
results show that slightly improved water surface profile details
are gained by the proposed model compared to the conven-
tional depth or vertically averaged De St. Venant (VA) model.

2. Significantly better results are obtained by the proposed model
than the conventional De St. Venant model in simulating and
capturing the shape of the longitudinal velocity profiles over
the vertical direction. The satisfactory performance of the
VAM equations in these cases may be attributed to a higher
degree of vertical detail incorporated in the model.

3. It is found that the time required for the VAM model to con-
verge to a final steady state solution is approximately four
times larger than that of the traditional De St. Venant model.
In addition, the memory allocated for VAM model was found
to be eleven times larger than that of the De St. Venant model.
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Notations

g = acceleration due to gravity;
D = diameter of the hemisphere;
h = depth of flow measured vertically;
h1 = bed pressure head in excess of hydrostatic pressure

head;
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h2 = mid-depth pressure head in excess of the average of
pressure heads at the bed and surface;

hs = D/2;
ks = effective roughness height;
p = pressure;
p1 = bed pressure in excess of hydrostatic pressure;
p2 = mid-depth pressure in excess of the average of pres-

sure at the bed and surface;
qx = discharge per unit width of the channel in x-direc-

tion;
qy = discharge per unit width of the channel in y-direc-

tion;
t = time;
u = longitudinal velocity;
uo = vertically averaged longitudinal velocity;
u1 = velocity at the surface in excess of the mean uo;
u* = shear velocity;
v = transverse velocity;
vo = vertically averaged transverse velocity;
v1 = velocity at the surface in excess of the mean vo;
w = vertical velocity;
wb = vertical velocity at the bed;

= 1/2 wb + 2/3 w2 + 1/2 wh;w

= ;w2 w
w w w w

w w wb h b h
b h

2
2 2

2

12 12 6

1

20
2+ + − + − −( )

wh = vertical velocity at the surface;
w2 = mid-depth vertical velocity in excess of the average

of the vertical velocity at the bed and surface;
x = horizontal coordinate;
y = transverse coordinate;
z = vertical coordinate;
zb = bed elevation;

= mid-depth elevation = zb + h/2;z

C* = dimensionless Chezy coefficient;
VA = vertically averaged;
VAM = vertically averaged and moment;
vh = eddy viscosity in x-y direction;
vz = eddy viscosity in z-direction;

= a matrix of weight functions;B̂

Β = a matrix of test functions;
Fx = a vector of x-derivative parts of the equations;
Fy = a vector of y-derivative parts of the equations;
G = a vector of non-derivative parts of the equations;
Wx = upwinding matrix in x-direction;
Wy = upwinding matrix in y-direction;
ψ = a vector of temporal parts of the equations;
φ = vector of unknown variables at each node;

= trial function;
Φ = vector of nodal values of the unknown;
∆x = discretization in the x-direction;
∆y = discretization in the y-direction;
η = non-dimensional vertical coordinate;
λ = wavelength;
ω = upwinding parameter;
Ω = the solution domain;
ρ = density;

= total turbulent normal stress in x-direction;σ τx xx=
= total turbulent normal stress in y-direction;σ τy yy=
= total turbulent normal stress in z-direction;σ τz zz=
= vertically averaged total turbulent normal stress inσ τx xx=

x-direction;
= vertically averaged total turbulent normal stress inσ τy yy=

y-direction;
= vertically averaged total turbulent normal stress inσ τz zz=

z-direction;
τxy = τyx = total turbulent shear stress in x-y plane;
τxz = τzx = total turbulent shear stress in x-z plane;
τyz = τzy = total turbulent shear stress in y-z plane;

= vertically averaged total turbulent shear stress in x-yτ τxy yx=
plane;

= vertically averaged total turbulent shear stress in x-zτ τxz zx=
plane;

= vertically averaged total turbulent shear stress in y-zτ τyz zy=
plane;

= bed shear stress in x-z plane;τxzb

= bed shear stress in y-z plane;τyzb
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