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ABSTRACT

This study presents an asymptotic matching method, the logarithmic matching. It states that for a complicated nonlinear problem or an experimental
curve, if one can find two asymptotes, in extreme cases, which can be expressed as logarithmic or power laws, then the logarithmic matching can merge
the two asymptotes into a single composite solution. The applications of the logarithmic matching have been successfully tried in several cases in open-
channel flows, coastal hydrodynamics and sediment transport such as: 1) the inverse problem of Manning equation in rectangular open-channels, 2)
the connection of different laws in computational hydraulics, 3) the solution of linear wave dispersion equation, 4) criterion of wave breaking, 5) wave-
current turbulence model, 6) sediment settling velocity, 7) velocity profiles of sediment-laden flows, and 8) sediment transport capacity. All these
applications agree very well with numerical solutions or experimental data. Besides, it is pointed out that there are several other cases where the
logarithmic matching has potential applications.

RESUME

Cette étude présente une méthode d’accordement logarithmique applicable aux problemes non-linéaires complexes et aux courbes expérimentales. La
méthode permet de définir une solution analytique unique composée des functions de puissance ou logarithmiques applicables aux asymptotes. Plusieurs
applications de la méthode sont présentées pour résoudre des problemes d’écoulement a surface libre, d’hydrodynamique cotiere et de transport de
sédiments, tels: 1) probleme inverse de I’équation de Manning en canal rectangulaire, 2) application en hydraulique numérique, 3) solution de 1’équation
de propagation d’onde, 4) critere de déferlement des ondes, 5) écoulements ondulatoires turbulents, 6) vitesse de sédimentation, 7) profils de vitesse
d’écoulements chargés de sédiments, et 8) capacité de transport sédimentaire. Toutes ces applications sont en accord avec les solutions analytiques ou
avec les données expérimentales. L’article mentionne également d’autres domaines ol la méthode d’accordement logarithmique est possiblement
applicable.

Keywords: asymptotic matching, logarithmic law, power law, computational hydraulics, sediment transport, linear wave, wave breaking, wave-current
turbulence, sediment settling velocity, velocity profiles

1 Introduction downstream-influenced weir, flow over a weir and under a gate,

drying up of a channel when upstream discharge decreases, resis-

Many complicated natural phenomena, environmental and engi-
neering problems are nonlinear. Many nonlinear problems can be
described with logarithmic or power laws (Mandelbrot 1977). For
example, a turbulent boundary layer velocity profile can be de-
scribed with a logarithmic law or a power law (Schlichting 1968;
Barenblatt 1996). The widely used Manning equation in open-
channel flow is a power law. For capacity-limited sediment trans-
port, the sediment-rating curve often fits a power law of the form:
qs:aqb , in which ¢, is unit sediment transport rate, g is unit water
discharge, a and b are fitting constants (Julien 1995).

Nonlinear problems are often controlled by several variables. In
some cases only certain variables are important while in other
cases other variables may dominate problems. Therefore, a non-
linear problem is usually described with two or more logarithmic
or power laws. Sediment settling velocity is described by Stokes
law, @ = d*, in which @ is settling velocity and d is sediment di-
ameter, for small Reynolds numbers (Chien and Wan, 1999).
However, it is described by Newton’s law, ® e d'/?, for large
Reynolds numbers.

Other examples in hydraulic engineering are free flowing and
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tance laws in alluvial rivers for flat bed and for the case of bed
forms, turbulent jets and plumes, etc. It is emphasized that for any
numerical simulation, if it involves any of the above problems,
continuity (if possible in a derivable way) between two formulas
is necessary. Otherwise, unstable numerical oscillations develop
systematically in any simulation model and ruin the numerical
results (Cunge et al. 1980).

This paper will present an asymptotic matching method, the loga-
rithmic matching, for matching the two asymptotic solutions as
a single composite one if the asymptotes can be expressed with
logarithmic or power functions. To illustrate its potential applica-
tions in computational hydraulics and sediment transport, several
nonlinear problems in open-channel flows, coastal hydrodynam-
ics, and sediment transport will be discussed.

2 The logarithmic matching

Suppose one can find the two asymptotic solutions for a nonlinear
problem, using an analytical method or experimental method. The
two asymptotes can be expressed by or transformed into the fol-
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lowing:
y = K1 Inx + Cl (1)

for x << x;, and
y=K,Inx+C, 2

for x >> x,. In the two equations above, x is an independent vari-
able, y is a dependent variable, K, and K, are two slopes based on
alogarithmic scale, shown in Fig. 1, C; and C, are two intercepts,
and x, is a reference of x.

To merge the two asymptotes (1) and (2) into a single composite
equation, the following two logarithmic models are proposed.
Model I is

B
y=K11nx+0L1n|:l+(%) ]+Cl 3)
and Model II is
y = K, Inx - ocln{l —exp|:—(%)B i|} +C, “)

In the above two equations o and x, are determined with K|, K,
C, and C,, and B is a transitional shape parameter that is deter-
mined by a collocation method or a least-squares method
(Griffiths and Smith 1991).

Consider Model I. It is easy to see that for x << x,,

1n|:1+(%)ﬁi| 50 5)
then (3) reduces to (1). For x >> x;;, one has
ln[1+(%)ﬁ} — Blnx— Blnx, ©6)

Substituting the equation above into (3) gives that

y= (K[ + (XB)II'I)C + (C] - (XBIH.XO) (7)

In Xq Inx

Fig. 1 The scheme of the logarithmic matching

556

Comparing (7) with (2) yields

K +af =K, )]
and
C1 - (XB]HXO = Cz 9)

The two equations above lead to
K> - K,

o = (10)
p
and
Xp = exp(%) (11)

Now one can see that x,, is the cross point of the two asymptotes,
shown in Fig. 1. Therefore, Model I can be further written as

B
y=Klnx+K2_K1 {1+ = | b+c (12)
1 B 1

Xo

in which x, is determined by (11), and [3 is a transitional shape
parameter that is the only undetermined parameter. Note that the
logarithmic matching fails when K, = K,.

Similarly, one can show that for Model II, (4) can be written as

Xo

B
y:Kzlnx+K'BK2 Inq1—exp —[ij +C, (13)

in which x, and B are similar to those in (12). Equation (12) or
(13) is the solid line in Fig. 1.

Note that (12) and (13) are only two simple ways in many possi-
ble connections. In practice, one may compare the two expres-
sions by an error analysis and pick up the better one.

Determination of the value of B

The value of B is an undetermined parameter that can be found by
using the collocation method or the least-squares method. Sup-
pose one has a nonlinear problem that is governed by

F(x,y) =0 (14)

in which x is independent and y is dependent. Substituting (12) or
(13) into (14) gives the corresponding residual R as

R(x,B) = F(x.f(x.B)) (15)

in which f(x, B) is the expression of (12) or (13) on the right-hand
side.

The collocation method gives the value of B by setting the resid-
ual R = 0 at a certain point such as the cross point x = x, i.e.,

R(x0,B) =0 (16)

The least-squares method is to minimize the squared residual over
the solution domain, i.e., find the value of B by solving
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J b

il 2 = 17
b aR (x,B)dx 0 17

in which a and b are the lower and the upper limits of the solution
domain. The least-squares method (17) usually gives a better re-
sult. However, the collocation method (16) is easy to use.

Note that the governing equation (14) can be any type of equa-
tions such as differential equations, integral equations or algebraic
equations. If a governing equation cannot be formulated, experi-
mental data may be used when determining the value of 3.

3 Procedures of applying the logarithmic matching

The following procedures are exercised when one applies the log-
arithmic matching.

1. Find the two asymptotes by using an analytical method or
dimensional analysis method. If the asymptotes are power
laws, transform them into logarithmic functions. Note that
since the two asymptotes usually result from different mech-
anisms, they are often expressed with different variables. To
apply the logarithmic matching, one must transform the two
asymptotes into the same dimensionless independent and
dependent variables.

2. With the two asymptotes, like (1) and (2), one can determine
the slopes K, and K, and the intercepts C; and C,. If K| =
K,, stop applying the logarithmic matching. Otherwise move
to next step.

3. Calculate the cross point x,, from (11).

. Construct a general approximate solution by (12) or (13).

5. Substitute (12) or (13) into the governing equation (14) and
form a residual function R(x, ).

6. Solve the parameter 3 by applying the collocation method
(16) or the least-squares method (17).

7. Finally, see if the single composite solution can be simpli-
fied.

N

4 Applications in open-channel flows
4.1 Inverse problem of Manning equation in rectangular open-
channels

Manning equation is usually employed in computation of uniform
flows, particularly in channel designs. It is written as

V= %Rz/ssm (13)
or
— 9 A qp
Q - ﬁsz S (19)

in which V is cross-sectional average velocity, ¢ = 1 for SI units
and 1.49 for English units, n is Manning’s coefficient, R is hy-
draulic radius, S is channel slope, Q is channel discharge, A is
cross-sectional area, and P is wetted perimeter. The continuity
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equation Q = AV and the definition R = A/P have been used in
(19).
For a rectangular channel, one has

A =By, and P =B +2y, (20)

in which B is the channel width, and y, is the normal depth. Sub-
stituting (20) into (19) gives that

_ 0 (Byn)SB
0= T B ey

In many cases such as design of a canal and computation of water
surface profile, one needs to compute the normal depth y, for a
given discharge Q. This is called the inverse problem of Manning
equation. One can see that (21) is nonlinear in terms of y,. The
above equation is usually solved by using design curves, trial-
and-error procedures or numerical methods (Chow 1973, French
1994, Chaudhry 1993).

However, applying the logarithmic matching, one can get a sim-
ple solution for y,. Rewrite (21) in dimensionless form, i.e.

n 53
(5) o)

nQ -
¢381351/2 Yn 213
(1+25%)

Defining

X OB ST and Y B (23)
(22) then becomes

x= 1= (24)

(1+2y)%

For a wide channel, i.e., Y — 0, where the resistance due to the
side-walls can be neglected, the above equation becomes

Y = X35 (25)
or
InY = %lnX (26)

Defining x = X and y = 1nY, comparing (26) with (1) gives that
Ki=2 and € =0 @7

For a very narrow channel, i.e., Y — <=, where the resistance due to
the bottom may be neglected, (24) becomes

Yy = 228X (28)
or

InY = InX + %mz (29)

Comparing it with (2) gives

K,=1 and C, = %mz (30)
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With (27) and (30), from (11) one can calculate the cross point at

- 212
3 = 9-5 31

Xo = eXp| 375

Choosing Model I, applying (27), (30) and (31) into (12), where
x =X and y = 1nY, gives that

InY = %mx- %ln[l + (25/3X)B:|

or

Yy = X3/5[1 + (ZSBX)B ]2/(513) (32)

The rest is to determine the value of B. From (24) the residual R
is defined as

R=x- Y% _ (33)
(1+2r)%

Substituting (32) into the above and setting R = 0 at the point X,
=253 (the collocation method), one obtains
B =0.7824 (34)

A comparison between (32) where B = 0.7824 and a numerical
solution is shown in Fig. 2. The maximum relative error is 1.94%
that is sufficient in practice. Furthermore, if more accuracy is re-
quired, the result from the logarithmic matching may be consid-
ered the first approximation. Thus, the convergence will speed up
in an iterative technique. A similar procedure may be applied to
find the normal depth in trapezoidal channels.

4.2 Potential applications in computational hydraulics

Incomputational hydraulics, many empirical relations are approx-
imated with power laws. The rating curve of a hydraulic structure,
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o, - Logarihimic malching (32) -
m g ’,f-" i
= -~

=10" | A .- =
1 E ,ti’," 3
= o "/‘Ff 3
"}- :_/‘\/ﬁ#ﬂi-/ E
||:,-E il ..H'I:-.l LA L LLALLE L.l IIIII| L.l .]II.Jl LA L LLLLL

-3 -2 -1 1 1 3

10 10 10 10 10 10

x = nqj[d_IEﬂllas-l'?]
Fig. 2 Comparison of normal depth between a numerical solution and
the logarithmic matching solution
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which is often a boundary condition in a numerical simulation, is
often a power function of the upstream water head. The geometric
parameters such as the top width, wetted parameter, cross-sec-
tional area, hydraulic radius, and hydraulic depth, of a channel
cross-section are often approximated to be power functions of
flow depth.

However, the exponents of the power laws of a rating curve may
vary with the water surface elevation if the geometry of the hy-
draulic structure has an abrupt change. When flow passes a gated
weir, for a lower water surface elevation, shown in Fig. 3a, the
rating curve is characterized by a weir formula (French 1985), i.e.

0 = C, JgBHY (35)

or

- ()"

in which Q is the discharge, g is the gravitational acceleration, B
is the width of the weir, H is the upstream water head over the top
of the weir, and C,, is the weir coefficient.

For a higher water surface elevation, shown in Fig. 3b, the rating
curve is characterized by a sluice gate equation (French 1985),

ie.

‘@%5/2 - Cg(%)(%)m G
or

LG ()"

in which C, is the sluice gate coefficient, and d is the gate open-
ing.

One can see that for a lower upstream water stage, the discharge
is proportional to H*? while for a higher upstream water stage,
the discharge is proportional to H'2. The transition between the
two laws must be gradual and continuous.

To apply the logarithmic matching, one can assume

X=HB and Y= 0Q/(/gB") (39)

then according to Model I (12), one has
wa3/2

)T

in which X, = (C gd)/(CWB), and B is determined by experimental

Y =

(@ o)
Fig. 3 The scheme of a gated weir
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data. In practice, one can first determine the coefficients C,, and
C, according to experimental data, then the value of {3 is deter-
mined at the point X = X, in the transition zone.

A similar method can also be applied to a rating curve of a hydro-
logical station where if the cross-section comprises a main chan-
nel and a flood plain. Another potential application in computa-
tional hydraulics is to approximate the variations of geometric
parameters such as the top width, wetted perimeter, and cross-
sectional area with flow depth in a compound cross-section.
Itis emphasized again that the logarithmic matching is significant
in practice since if the two different laws, like (35) and (37), are
not connected smoothly, its derivative is discontinuous at the
transition point. In a finite-difference or finite-element simulation
model, if Newton-Raphson iterative method is employed to solve
the numerical model, the derivative in the transition zone will be
back and forth between the two laws, thus unstable numerical
oscillations may develop systematically in any numerical model
and ruin the computational results (Cunge et al. 1980).

5 Applications in coastal hydrodynamics

5.1 Solution of wave dispersion equation

Wave length, height, period and flow depth are fundamental pa-
rameters for nearly all wave related problems. In practice, wave
height, period and flow depth are given by field measurements.
The wave length is usually calculated by a dispersion equation,
i.e., the relationship among wave length, period and flow depth,
which is given by a wave theory. The most popular dispersion
equation is given by the linear wave theory (Dean and Dalrymple
1991), i.e.

62 = gktanhkh 41)

in which ¢ = 2n/T is angular frequency, 7 is wave period, g is the
gravitational acceleration, k = 21t/L is wave number, L is wave
length, and % is flow depth.
Since (41) is nonlinear with respect to k, one cannot find an ana-
lytical solution. Two asymptotes are used in practice, i.e.

o? = ghk? (42)

for shallow water ki — 0, and
o2 = gk (43)

for deep water kh — oo,
Based on (42) and (43), an approximate general solution for k
may be constructed. For simplicity, one can define that

X =holfgh and Y =kh (44)
Then (41) becomes

X? = YtanhY 45)
(42) and (43) become

Y=X (46)

for shallow water Y — 0, and
Y = X? 47
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for deep water ¥ — oo.

Since (41) has a property of exponential function, Model II (13)
is then chosen for this case. Transforming (46) and (47) into loga-
rithmic forms and applying the matching II (13), one can get

Y = X2[1-exp(-xP)]"P (48)

where in the derivation, K, =1,C,=0,K,=2,C,=0and X, = 1.
The residual in this case is defined according to (45), i.e.
R = X?> - YtanhY (49)

Substituting (48) into the above equation gives that
R=X>-Xx2[1-exp(—xP)]""

50
tanh{x2[1 — exp(=XP) ]—UB} (50)

The collocation method at X, = 1 gives
—1y - SN-IB T
Rly, =1-(1-¢€) ﬁtanh[(l—e‘) E':I—O 51)

which yields that
B =2.5194 (52)

Using the least-squares method, the parameter 3 is found by solv-
ing

9 ["R =0 (53)
op o

A numerical estimation of (50) and (53) using a MatLab function
gives that
B = 2.4908 (54)

One can see that the two methods give very similar results. Fig.
4 shows an excellent agreement between (48) where 3 = 2.4908
and a numerical solution. An error analysis shows that (48) with
B =2.4908 has an accuracy of 0.75% over 0 < X < eo,

2
107 £ T T T T T T T T T T T T4
E —— Numerical solution of (45) E
I | —— Asymptotes (46) and (47) -
- Logarithmic matching (48) -
10' = 4
noF e .
> L 7 4
2 -
100 = ~. - —
E I3 =
E i 3
r y L, .
- , -
- . -
7
» , -
7z
= 7 -
7
/7
-1 ] Ll ] ] [ |
10 -1 0 1
10 10 10
172
X =ho/(gh)

Fig. 4 Comparison of wave number between a numerical solution and
the logarithmic matching solution
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With wave number k available from (48) and (54), one can calcu-
late the corresponding wave length L and celerity ¢ by
L= E

A (55)

and c=

N~

Furthermore, other wave parameters (Kamphuis 2000, p33-34)
for any water depth can be obtained.

5.2 Criterion of wave breaking

The criterion of wave breaking is another important parameter in
coastal hydrodynamics and sediment transport. A general theoret-
ical criterion for wave breaking is still inadequate because of the
complex. However, in shallow water with a mild beach, the soli-
tary wave theory criterion (Dean and Dalrymple 1991, Kamphuis
2000) is quite good, i.e.

% = 0.78 (56)

in which H, is the wave height at breaking point, and £ is the cor-
responding water depth.

For deep water, Miche criterion (Kamphuis 2000) that is based on
the Stokes wave solution is valid, i.e.

H,
b = 57
I, 0.142 (57)
where
2
Ly = 1.2(%) (58)

is the wave length in deep water that includes nonlinear effects.
In (58) g is the gravitational acceleration, and 7 is the wave pe-
riod. Substituting (58) into (57) gives that

H,

= 0.027 59
o (59)
One can rewrite (56) in the format of (59), i.e.
Hy - 0.78(L) (60)
gT* gT”
Defining X = h/(gT%) and Y = H,/(gT?), (60) and (59) become
Y = 0.78X 61)
for shallow water, and
Y = 0.027 (62)

for deep water. Equations (61) and (62) and some observed data
are plotted in Fig. 5. One can see that the transition from shallow
water to deep water is gradual. Therefore, the logarithmic match-
ing can be applied to find the criterion in the transition.
Applying the logarithmic matching I (12) to (61) and (62), one
can show that the general wave breaking criterion is

Y = 0.78X

- @T

in which X, = 0.0346 and 3 = 2. The value of B is determined by
the collocation method at X;, = 0.0346 where the corresponding

560

10° T T T TTTIIT T T T TTTIT T IIIIIIII T T T TTTT
7

T T TTTIIT
N
1111111

(=}
[

2
H, /T

Danel (France)

O
Estero Bay
§ SIO
WHOI
Vv
X
A

Y =
5‘

BEB tank

Lake Superior

Berkeley tank
— — Asymptotes (61) and (62)
—— Logarithmic matching (63)

| IIIIIII| | IIIIIII| | IIIIIII| | N
-4 3 2 1 0

10 107 10° 107 10
X =h/(gT ?)
Fig.5 Breaking criterion for mild beaches and deep water (Data
source: Dean and Dalrymple, 1991, p336)

observed value is Y= 0.191. The average relative error of (63) is
5.3%. A similar criterion can also be established by Model 1II
(13).

5.3 Wave-current turbulence model

Wave-current interaction is very complicated. This paper does not
go to the physics of the wave-current model. It will only show
that the logarithmic matching may be a way to improve the exist-
ing eddy viscosity model. The G-M model, proposed by Grant
and Madsen (1979), is the simplest and a classical model in wave-
current turbulence. It claims that the wave-current turbulent
boundary layer essentially consists of two sublayers, i.e., a wave
boundary layer and a current boundary layer.

Near the bed, because of the superposition of a wave boundary
and a current boundary, turbulence becomes stronger in wave-
current boundary than in a pure current boundary. The classical
eddy viscosity model is still valid except that the shear velocity
is characterized by its maximum value, i.e.

v, =Ku,,z (64)

*m

in which v, is eddy viscosity, ¥ = 0.4 is von Karman constant,
U., =u., +u, isthe maximum shear velocity due to both the
maximum wave shear velocity u.,,, and the current shear velocity
Us,, and z is the distance from the bed.

The eddy viscosity model (64) results in the following logarith-
mic law,

uo=te e & (65)
- Ku Z,

*m

in which u, is the current velocity at a distance z from the bed,
and 7, is the hydraulic roughness of the bed that is equal to k /30
in which k; is Nikuradse roughness.

If one defines a wave boundary layer thickness o
equation can be rearranged as

the above

we?
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S S T S L 66)
xu, O, ¥u, O

we

Lu,

U,

c we

Equations (64)-(66) are only valid in the waver boundary layer,
ie,z<9,,.

The wave boundary layer is usually so thin that it does not affect
the current flow in the main flow region. Thus, the eddy viscosity
is the same as that in a pure current boundary layer, i.e.

v, =K.,z (67)

the resultant current velocity profile is then independent of the
wave boundary except that the hydraulic roughness increases, i.e.

u =2 (68)
K ZOa

in which z, is the apparent hydraulic roughness that includes the
effect of the wave boundary layer.
The above equation can alternatively be written as

s =—1n——lui1n “0a (69)
u, ¥ O Ku, O

c we “m we

The above two equations are valid for z =95,
Based on (66) and (69), a composite law may be established ac-
cording to (12), i.e.

B
", =lu*v 1ni+L 1=2e Nin| 14| 2o (70)
M*l. K u*m Z() BK u*m ch

in which B is the transitional parameter that may vary with the
relative wave intensity u.,,/u., and the angle between the wave
and the current directions. All parameters except [ are estimated
by Madsen’s method (Madsen and Grant 1976, Mathisen and
Madsen 1996). Fig. 6 is a comparison of (70) with one of
Mathisen and Madsen’s (1996) flume experiments (Expt B)
where u., = 3.15 cm/s, us,,, = 6.36 cm/s, u., = 7.10 cm/s,
Zp=0.6 cm and §,,, = 6 cm. The value of f is fitted to be 10 in

9

30

&

free stream V

N
|IIII| IIIII|III

z (cm)
I

L -7 O over trough

\/ over crest

- — Asymptotes (65) and (68) —
—— Logarithmic matching (70)

top of roughness element

1 | | | | | | | |
0 2 4 6 8 10 12 14 16 18
u (cm/s)
Fig. 6 Comparison of equation (70) with Mathisen and Madsen’s
(1996) experimental data (Expt B) of wave-current flow
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this case. It shows that the structure of (70) is correct. Note that
a velocity u,, = —1.8 cm/s, due to nonlinear wave mass transport,
has been accounted for in Fig. 6. A further explanation about the
wave-induced mass transport is referred to Mathisen and Madsen
(1996).

Furthermore, an eddy viscosity equation may be deducted from
(70) that can smoothly connect the two sublayers. The new eddy
viscosity equation may be helpful in the study of sediment con-
centration distribution.

6 Applications in sediment transport

6.1 Sediment settling velocity

Sediment settling velocity is a very basic parameter in sediment
transport. It figures prominently in all sediment transport prob-
lems. Many empirical equations have been proposed by different
investigators. The summary of those equations can be found in
several textbooks or manuals (Graf 1971, Yalin 1977, Raudkivi
1990, Chien and Wan 1999, and others). In view of practice, this
subject has been well studied. However, one will see that a very
simple formula for sediment settling velocity can be derived by
applying the logarithmic matching.
It is well-known that for a small Reynolds number Re = od/v<1
where o is sediment settling velocity, d is sediment diameter, and
v is fluid kinematic viscosity, the sediment settling velocity has
a theoretical solution, i.e., Stokes equation,

= 1 (s—1)gd’
in which s = p/p is sediment specific weight, p, is sediment den-
sity, p is fluid density, and g is the gravitational acceleration.
Note that the above equation is for natural sands. For a sphere the
constant is 18 instead of 24.
When Reynolds number is very large, i.e., Re = wd/v > 10, the
settling velocity is expressed by Newton’s law, i.e.

= [_4 (_
® 3G, (s—1)gd (72)

in which Cj, = 1 according to experimental data (Sha 1965). The
above equation is then further written as

0= 3~ 1)ed (73)

Obviously, if one defines a dimensionless sediment diameter, i.e.
374
d = [w} (74)
A%
then (71) and (73) become

3
Re = ;’; (75)

forRe < 1, and
1
2
Re— (%T & (76)
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for Re > 10°.
Transforming (75) and (76) into logarithmic forms, one then has

K, =3, C; =-In24 a7)
and

K =3 ¢=1n($) (78)
The cross point is then calculated from (11), i.e.

d, =247 (%f =768 (79)

Choosing Model I, from (12) one has

B
lnRe=3lnd*—iln 1+ d—*l —1n24
2 7683

or

3 B | 2p
Re=%| 14 d—*l (80)
24| | 768"

According to the experimental data in Fig. 7, Re = 16 at
d.. = 768'3. This leads to the value of B = 1.5. Thus, (80) becomes

d3
Re=——
1)
24+\/2§df/2

This equation can be considered a general formula for sediment
settling velocity. Its comparison with observed data is shown in
Fig. 7. The average value of the relative errors is 5.69%.

One can show that the above equation can be alternatively written

as
L=[£+£] (82)

(s—1)gd (S 2

if one defines

T T TTTTT T T TTTTI T T TTTTT UL A R
10' .
10° —
10°
)
[~
107 —
10—
[0 Data (Cheng 1997)
— — Asymptotes (75) and (76)
10_,, —— Logarithmic matching (81)
NI RRTTT| BRI R RTIT| T RN R RT1T] R R A R AT
10° 10" 10° 10' 10° 10°
d

*

Fig. 7 Comparison of equation (81) with experimental data
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3
& :%:1653
%
and
Re=w_d=45*.L
v (s—l)gd

in which §, =4 /(s—l)d /(4\;) is the sediment-fluid parameter
introduced by Madsen and Grant (1976).

Equation (82) is similar to Madsen’s (Guo 2000) empirical for-
mula, i.e.

0 _[3% 09 (83)
(s—l)gd S.

The slight differences of the constants might result from different
data sources.
It is noteworthy that in some cases, one may need to know the
drag coefficient C;, which can be found from (72), i.e.
=2
Cp=af @ (84)
3 (s - 1) gd

Unlike (72), this equation is valid for any Reynolds number. Sub-
stituting (82) into (84) gives

2
i LA 3 (85)
31S. 2
which shows that one can calculate the drag coefficient C, with-
out sediment settling velocity .
Similar procedures can be applied to the settling velocity of
spheres. The results are

C

d’
Re-—d.}/2 (86)
18+ %
NG
or
® 45 1)
S (87)
Js=1)ed [S ﬁJ
and
4(a5 1Y)
A A (88)
c, 3[& +\/§j

By the way, Cheng’s (1997) formula can be derived by applying
the logarithmic matching to the drag coefficient with § = 1.5.

6.2 Effect of sediment suspension on turbulent velocity profiles

Vanoni (1946), Einstein and Chien (1955), and Elata and Ippen
(1971) experimentally showed that the logarithmic velocity pro-
file is still valid in the main flow region of sediment-laden flows
except that the von Karman constant ¥ deceases with sediment
suspension. Later Coleman (1986) and others claimed that sedi-
ment suspension does not affect the velocity profile near the bed.
In other words, the von Karman constant k is the same in sedi-
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ment-laden flow as in a clear water flow near the bed. Thus, the
velocity profile in a sediment-laden flow can be described with
two logarithmic laws.

Near the bed, following to Coleman (1986), the velocity profile
can be expressed by

“_Lherc (89)
K

U,

in which u is the velocity at a distance & from the bed, & is nor-
malized by the flow depth, u. is shear velocity, C, is an integra-
tion constant, and x¥ = 0.4 is the von Karman constant in clear
water.

In the main flow region, following Vanoni (1946) and others, the
velocity profile may be expressed with

“_1here, (90)
K

U,

m

in which x,, is the von Karman constant in the main flow region
which is less than 0.4 and varies with sediment suspension, and
C, is another integration constant.

Putting aside the physical mechanism and emphasizing the analy-
sis technique in this paper, one may write the above two equa-
tions as a composite velocity profile, i.e.

B
u (1 ) ,.(&
u—*—(Elné'FClJ'FE(K—m Kjl 1+[é0j (91)

in which &; can be found from (11), i.e.

£, =exp % 92)
K %

and [ is a transition parameter. Fig. 8 shows a comparison be-
tween (91) and Einstein and Chien’s (1955) flume data (S-15)
where k=04, C, =17, %, =0.168, C, =26.25 and § = 4. A sys-

T T TTTTT
N

107 [0 Dataof S-15
— — Asymptotes (89) and (90)

— Logarithmic matching (91)

T IIIIII|\

0 5 10 15 20 25
u/u,

Fig. 8 Comparison of the velocity profile (91) with Einstein and
Chien’s (1955) experiments (S-15)
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tematic analysis, including its physical mechanism and parameter
variations with sediment suspension, may be reported separately
in the future.

Note that the second term in (91) can be considered a wake func-
tion in sediment-laden flows.

6.3 Sediment transport capacity

Most sediment transport capacity formulas have power forms
(Julien 1995). Based on an analysis of turbulent kinetic energy,
Zhang Ruijin (Zhang and Xie 1993) proposed the following semi-
empirical equation:

S. =K( v j (93)

gRw

in which S. is transport capacity in terms of kg/m’, U is cross-
sectional average velocity, g is the gravitational acceleration, R is
hydraulic radius, o is sediment settling velocity. The dimension-
less factor U*/(gRm) expresses the relative strength of turbulent
diffusity to sediment gravity. K and m are model parameters and
K has the same unit as S..

Zhang’s equation has been widely used in the Yellow River, the
Yangtze River, and other China rivers. Its disadvantage is that
both K and m are not constant and vary with U%/(gRw), shown in
Fig.9. This makes (93) inconvenient in practice.

However, based on the observed data in Fig. 9, one has the lower
asymptote,

1 U3 1.5
S =L (94)
20| gRw

for U*/(gRw) < 10, and the upper asymptote,

. T T T TTTIT T 01 TIrrny T 1 r|||rr| T T T TIrrTy T ITTT
10 =
: -
10" . . '.rgé . _
E -~ '] 3
E P 3
r T ok - - ]
n.--; == -1
(1]
E0 & =
2 F . ;
Tl .
_ Flums Data of Wuhan ]
| Data of Yangtze River
10 +  Data of Yellow River and others | =
F == Asymptotes (94) and (35) =
[; — Logarithmic matching [96) ]
1&'“ 11 IIIIII 1 10101 11 IIIIII 1 1101l | NN
107 10" 10' 10" 10’ 10’
U¥i(gRw)

Fig. 9 Comparison of the improved Zhang’s sediment transport capac-
ity equation (96) with flume and field data (Data source: Zhang
and Xie 1993, p58)
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U3 0.35
S. = 3.98[ ] 95)
gRw

for U/(gRm) > 10°. According to the matching model (12), one
can write a general equation like

1 U3 1.5
S - 20| gRw _ (96)
[sen)
+| =
45 gRo
In the derivation, K, = 1.5, C; = -1n20, K, = 0.35, C, = 1n3.98
and B = 1.15. Equation (96) is the solid line in Fig. 9 which shows
that (96) represents the measured data quite well and is easy to
use in practice.
Note that the logarithmic matching may also be applied to im-
prove other transport capacity equations such as Ackers and
White’s (1973), Zhang’s (1992), and Molinas and Wu’s (2001).
Molinas and Wu (2001) have shown that sediment transport ca-
pacity equation follows different power laws of unit stream power
for shallow and deep flows. A general transport equation for both

shallow and deep flows may be established by applying the loga-
rithmic matching.

7 Other potential applications

Except the above, there are several other cases where the logarith-
mic matching may be applied. 1) In a turbulent boundary layer
flow, the velocity profile obeys the logarithmic law near the wall
while it tends to a constant velocity away from the wall. The con-
stant velocity may be considered a special case of a logarithmic
law where the slope in terms of a logarithmic scale is zero. 2) In
a turbulent hyperconcentrated sediment-laden flow or a debris
flow, due to the yield shear stress, a constant velocity zone exists
near the water surface. The whole velocity profile is similar to
that in a turbulent boundary layer flow. 3) In a non-Newtonian
flow or a hyperconcentrated flow, the constitutive equation such
as Bagnold’s dispersive stresses is usually described by two
power laws (Fredsoe and Deigaard 1992). The logarithmic match-
ing may be applied to give a general equation in a numeral simu-
lation. 4) In turbulent jets and plumes, many relations result from
a scaling analysis and expressed by two power laws (Fischer, et
al., 1979). The results may be improved by applying the logarith-
mic matching. 5) Green-Ampt method is an implicit method in
the estimation of infiltration (Chow et al. 1988). Two power laws
of its asymptotes exist so that an explicit solution for infiltration
may be established by using the logarithmic matching.

8 Conclusions

For a complicated nonlinear problem, if one can find two asymp-
totic solutions which are logarithmic functions or can be trans-
formed into logarithmic functions, like equations (1) and (2), then
the logarithmic matching (12) or (13) can merge the two asymp-
totes as a single composite solution. The logarithmic matching
involves one undetermined parameter [ that expresses the transi-
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tional shape between the two asymptotes. The value of B can be
determined using a collocation method at the transition point or
a least-squares method.

Applications of the logarithmic matching have been successfully
tried in several cases in open-channel flows, coastal hydrodynam-
ics and sediment transport. 1) Applying the logarithmic matching,
an explicit solution for the inverse problem of Manning equation
in rectangular open-channels is derived. 2) Take the discharge
laws of a gated weir for an example, it is shown that the logarith-
mic matching can be used to connect two different discharge laws
smoothly in a derivable way. It is further pointed out that the log-
arithmic matching may be used to improve a numerical algorithm
when two different laws must be connected smoothly. Otherwise,
numerical oscillations will occur in any simulation model and
ruin the computational results. 3) An explicit solution of the linear
wave dispersion equation is obtained by applying the logarithmic
matching. This solution may save much computational time in a
large coastal or ocean numerical simulation. 4) A general crite-
rion of wave breaking in a mild beach has been proposed based
on the solitary wave theory, Stokes wave solution and the loga-
rithmic matching. 5) It is shown that the classical wave-current
model, the G-M model, may be improved if the logarithmic
matching is applied. 6) Two simple equations for sediment set-
tling velocity are derived by applying the logarithmic matching
to Stokes law and Newton law. The result agrees well with exper-
imental data. 7) Take one of Einstein and Chien’s (1955) experi-
mental data for an example, it is shown that the logarithmic
matching may be applied to study the effect of sediment suspen-
sion on turbulent velocity profiles. 8) It is shown that Zhang’s
(Zhang and Xie 1993) sediment transport capacity equation may
be greatly improved by applying the logarithmic matching. 9)
Finally, several other cases are pointed out where the logarithmic
matching has potential applications.
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